
 

COMODELS OF AN ALGEBRAIC THEORY

1 Equational algebraic theories

A signature is a set 2 of operations r each assigned an

atty Kl e sit Iff
Eg the signature for groups Tap is o e C 5 w arities 2 o I

Given a sign I and a set A can recursively define set27A

of Items with free variables in A

Eg Eap x y z3 a IX g it y e x x

An alg theory IT is a signature 2 plus a set of equations

tenapdeheqAnIEfgoss
tforsoneAands.ttECAI.Eg
Tap involves equators Xylet t.ly H X X e

If IT is an alg theory A a set write ITA for set of
IT terms w variables in A it's the quotient of 2CA by
T derivable equality

Eg Tap A is the free group
with

gas at A

In computer science we use algebraic theoriesITto encode



notions of computation Moggi 1991 Plotkin Pour 2001.2.3

TCA is the set of programs with computation in IT retuning rabies

in A

Eg let V be a set The theory of V ay input Tin has
one V ay operation read and no equations See elements

of TinLAI as programs returning rats in A as follows

a c AETA return a

read du tr m let u be readC in tu

Ege when f IN we have a program inTinLIN

readIN readHw Vtw let v be readc in

let w be read11 in
return Vtw

do I Fadd

return vi w

Eg Let V be a set Theory of a V valuedstack
Goncharov 2001

has

unay operations pushu re V

Vt Et ay operation pop
interpreted as



push x rn push v x

popldv xv y n try
let v be popo in to

catch y

Equations are

fforeachreypush Ipop II y Xv poplin push.CH H X

popII popIT HI pop II z

2 COMODELS Of ALG THEORIES

theres a standard notion of model of an aly they T for
example a Tap model is a group
More generally can look at IT models in any catyhe with
products In particular can take IT models in stop call
these comodels There involve

a set S
o a

go
interpretation IOB S lol xs toe 2

reducing derived cointerps IED S Axs f te EIA
which satisfy IsD ITB Vegas set of IT

Eg A Tap comodel involves IED S 0 so only

Tap comodel is

Eye A Tin comodel is a set 5 of slates tho a



comterpretation EreadD S Vx S with no further

conditions Think that EreadB takes a state s and

yields a new input valve from V and a nest state s

Ef A Isiah uomodel involves a set 5of states and

EpushuD S S the V

KpopB S V1213 x s

St I apopB EpushrDCs his
2 EpopB s Iv s Ipush.BG
3 EpopD s it I s s

In gerent Power Shhararsha 2004 if I terms
are programs interacting

with an environment then IT conodels

are instances of that environment Moreover the cointepakhr

of a program teRAI in a conodells4B is a function

ITD S Axs running the computation t using state

machine ISEID starting from some state ses and rehiy
a value in A and a final state s es

Eg If have the programpreadliv readHw rtw CTin AD
for the comodd wth f a b c and

FreadD a 112 a

b ft c
c 14 b



We have EPD S INXS
a 124 a

b 111 b

vs H c

3 BEHAVIOUR CATEGORIES

Comodels of any algebraic thy IT
with their homomorphisms form a

caty Comod IT

THEOREM 1a 2020 For ay algthy IT GuodCIT is a

presheaf category Bp Set

We call Be the behaviour caty of IT we can calculate it

very explicitly

Defy Behaviour caty Bit of an algthy IT has

objects are admissible behaviours familiesof fas
pa TTA A Aeset

st

pla a Fae AETA

pltlda.uaD pltlia.upu.si pit a u

p It
77 Upu

maps p p are met I p p1mi Yup



where np smallest equiv relatunst It m up Its mpa.it

Eg For theayTin behaviour caty looks like

objects are infinite words WE VIN

maps W W is nc.IN St d W W

Eg For they Istach
behaviour

caty looks like

objects finite or infinite words WE V
w

maps map w w if both are finite
nomap W W if only one is finite

W W whee w w infinite is some ie 2

St for some a IN JW on W


