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THE OBLIGATORY PLUG

EVERYTHING You
WANTED TO KNOW
ABOUT MODEL

AGNOSTIC A CATEGORY

THEORY BUT WERE

TOO AFRAID TO ASK
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BUILDING UP TO A CATS

THE FUNDAMENTAL A GROUPOID

tiny
Gigg
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ARROWS BASED HOMOTOPY CLASSES

OF CONTINUOUS PATHS

COMPOSITION CONCATENATION of PATHS

7 INVERSES GIVEN BY
TRAVERSING

PATHS IN THE REVERSE DIRECTION
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HERE THE PATHS P AND G ARE
HOMOTOPIC VIA TWO DISTINCTHOMOTOPIES

o Arrows Continuous PATHS Beth points

a Homotopies BETWEEN PATHS
e Z HOMOTOPIES BETWEEN HOMOTOPIES

3 HOMOTPIES BETWEEN 8 Homoppies



DIRECTED SPACES

REFUNDAMENTALFATEGORY

IN PHYSICS AND COMPUTER SCIENCE IT IS

COMMON TO MODEL SYSTEMS USING STATE

SPACES PATHS IN SUCH SPACES REPRESENT

How THE SYSTEM EVOLVES THROUGHTIME

BUT MANY SYSTEMSMERRENNIBÉND

Einsteinium

tea
I on

IT DOESN'T MAKE SENSE TO TRAVERSE

THESE TIME LIKE PATHS BACKWARDS SO

THEY MAY NOT HAVE INVERSES



SUCH CONSIDERATIONS LEAD US TO

DIRECTEDSPACE 8

THESE INCORPORATE SOME KIND

WOMEMNMIMCMT.tlSuch AS CAUSALITY OR

RESOURCE USE

ON APPLYING THE PATHS CONSTRUCTION

TO A DIRECTED SPACE RESTRICTING

OURSELVES T Cones DM DREAD PADS ONLY

WE OBTAI AN X CATEGORY

8

THE FUNDAMENTAL

XCREENÉT
CLAY WE MAY FRUITFULLY STUDY TIX

USING GENERALISATIONS OF STAIDALD

CATEGORICAL TOOLS

BUT How
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ABUNDANT IN NATURE

DERIVED ALGEBRAIC GEOMETRY

FORMAL FOUNDATIONS AID TYPE THEORY

e ALGEBRAIC TOPOLOGY

QUANTUM FIELD THEORY

QUANTUM COMPUTATION

CATEGORY THEORY ITSELF
o o AND Much MORE
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EQUALITY AS HOMOTOPY

limits

THEY MAY BE

HAVEN'T ACTUALLY DEFINEDWHAT
Inthavong't



i EENRICHED IN SPACES
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CONTINUOUS COMPOSITION OPERATIONS
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ASSOCIATIVITY HOMOTOPIES
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MACLANE PENTAGON HIGHER HOMOTOPY

Ro hog of
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27 ko Ho g ofKaminski

A HOMOTOPY

OFHomorplisf

t EVEN HIGHER COHERENCE

HOMOTPIES AT ALL LEVELS

ABOVE This UGHHH



FORMALISING
WE CAN MAKE PROGRESS ON ERMINE

This IDEA WITH TWO KEY OBSERVATIONS

1 Glut ComposABCE ARROWS g feA

IT MAY NOT MAKE GOOD SEISE TO SPEAK

OF THE Composite gof BECAUSE
ANY ARROW HOMOTOPIC TO IT HAS

EQUAL RIGHT TO THAT CROWN

2 HIGHER ASSOCIATIVITY LAWS ARISE

FROM THE ALGEBRAIC STRUCTURE OF

THE HIGHER SIMPLICES

Z SIMPLEX

got



J SIMPLEX
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For This TO BE A
WELL DEFINED J SIMPLEX

I'ETIÉT

4 SIMPLEX MACLANE
PENTA for

I IE



VARIOUS METHODS HAVE BEEN

EXPLORED TO DIRECTLY FORMALISE

OUR INTUITIVE MODEL USING

THESE IDEAS

THESE HAVE GUN RISE TO

A NUMBER OF FORMAL MODELS

OF THE O CATEGORY

ZEITGEIST FOR EXAMPLE

COMPLETE SEGAL SPACES

SEGAL CATEGORIES
a TAMS AMANI CATEGORIES

WE'LL LOOK VERY BRIEFLY

AT A SLIGHTLY DIFFERNT KIND

OF MODEL
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SIMPLICIAL SET WHICH ADMITS

FILLERS FOR INNER HORNS

A COMBINATORIAL
MPHMSPACEMiP

its
main

mine
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SO NOW WE HAVE SOME ARGUABLY

TOO MANY FORMAL STRUCTURES THAT

CLAIM TO MODEL OUR INTUITION ABOUT

X CATEGORIES

BUT You PROMISED WE'D DO SOME

CATEGORY THEORY WITH THEM

HOW DOES THAT WORK
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MONADS AND
MONADICHINÉ
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AND WHAT MODEL SHOULD WE USE
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CATEGORYTHEORIST SO

ai
DOTH INGS S CATEGORICALLY



TECHNICALLYFIELLIFFIBRANT

X COSMOS
OBJECT ENRICHED IN THE

JOYAL MODEL STRUCTURE
K ON SIMPLICIAL SETS

THESE HAVE I CELLS
f

2 CELLS

A B

g 8

O CELLS
HIGHER HOMOTOPIEIi

hof
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HORIZONTAL COMPOSITION IS A STRICTLY
ASSOCIATIVE OPERATION
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VERTICAL COMPOSITION GIV BY FILLING

INNER HORNS 8

THIS IS STILL A LITTLE

MORE COMPLICATED THAIwomankind
FOR A SURPRISINGLY LALA

RANGE OF PURPOSES IT

SUFFICES TO WORK IN A

QUOTIENT OF E CALLEDmymensingh
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AN X Cosmos K HAS

O CELLS AND I CELLS THON

OF K
J CELLS HOMOTOPY CLASSES OF

PARALLEL Z CELLS IN A
HORIZONTAL Compositor AS in t

VERTICAL COMPOSITION USE FILLERS

TO COMPOSE REPRESENTATIVES OF

HOMOTOPY CLASSES g
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STRICT Z CATEGORY

QUESTA WHAT DO WE GET IF WE STUDY

STAIDALD 8 CATEGORICAL STRUCTURES IN

The homotopy Z CATEGORY hats



CASESTUDYADJUNCTON
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TRIANGLE IDUTTIES
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IT TURNS OUT THAT WHEN INTERPRETED

IN VARIOUS X MODELS THIS ADJUNCTare

NOT on COINCIDES With ALL OTHERgynppymppping
y



IN QUASI CATEGORIES FOR EXAMPLE

Such ADJUNCTONS ARE CHARACTER IS

BY A HIGHER UNIVERSAL PROPERTY

EXPNMASAKiddy.PHOUTER HORN Fcc ink PROPERTY

n

j7
B B

HIGHER VERSIONS OF This
PROPERTY

AT ALL HIGHER DIMENSIONS

8
This Is A LITTLE SURPRISING
WE GET HIGHER UNIVERSAL PROPERTIES

FROM A Z DIMENSIONAL NOTION
p

p
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AS AN ADDED BENEFIT
WE FIND THAT ANY 2 CATEGORICAL

PROPERTY OF ADJUNCTIONS HOLDS

For ADJUNCTIONS IN ANY X Cosmos

THE Z CATEGORICAL Proofs of

THESE ARE OFTEN MUCH SIMPLER

TAI THE X CATEGORICAL ONES

TO BE FOUND IN THE LITERATURE
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MONADS AND
MOMDICItIT
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NEEDS A LITTLE
EXTRA Z CATEGORICAL

STRUCTURE

BE UNDERTAKE IN HK IT NEEDS
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APPENDIX
CATEGORIES IN HOMOTOPY

TYPE THEORY MOTT



IN RIEHL AND SHULMAN'S DIRECTED

TYPE THEORY ALL TYPES A SUPPORT

A FAMILY OF HOM TYPES

Homa x y over x y A

THAT TYPE IS SAID TO BE AN

X CATEGORY IF

oEVERYPAROFARRousfiHoy.GS
AND g Homa YE HAS A

UNIQUE COMPOSITE DEFINING A

TERM goof Homa X Z

ayyyyyyyoy.mn

BiMNWMENMN3IN AN IDENTITY TYPE

Ida x y For x y A



Think of This AS
THE SPACE OF PATHS
ymppeppimxf.TO

y

THE UNIQUENESS OF THIS

COMPOSITE IS A LITTLE SURPRISING

BUT HOMOTOPY THEORY IS BUILT

INTO THE VERY NOTION OF EQUALITY IN

THE UNDERLYING TYPE THEORY

SO UNIQUENESS DECODES

TO GIVE THE ENTIRELY
PALATABLE STATEMENT THAT

THED GROUPOID SPACE

I


