Logico-Pluralistic Exploration of
Foundational Theories with Computers
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Artificial Intelligence (Al)

Weak Al: ... solve specific problems
Strong Al: ... everything humans can do (and possibly way more)

Strong Al requires at least (own working hypothesis):

1. Problem Solving (in the sense of weak Al) Machine Learning

L
2. Exploring and Acting in Unknown Territory (e.g. Mars-Roven) ‘c<y
3. Abstract & Rational Reasoning (e.g. exploration of a new theory in maths) a
4. Self-Reflection (e.g. detect own mistakes, questioning the results of one's own thinking) >

5. Social Interaction (e.g. adjusting personal goals and values to those of a community)



Artificial Intelligence

symbolic subsymbolic
Mind Brain
Reasoning Learning
Deductive Inductive
Little Data Massive Data
Causalities Correlations
Precise Robust

Subsymbolic Al



Al & Representing Objects

Abstract representations: objects of study in Al from the very
beginning. Bibel calls them Representing Objects (ROBs).

 ROBs are key to symbolic Al
» ROBs can be experimenented with in the computer
 ROBs thus become physical/accessible (part of nature?)

Wolfgang Bibel

. . . . . (German Al Pioneer)
Symbolic Al & logic in combination with computer

experimentation on ROBs deserve increased attention as —
experimental (natural?) science. Komputer kreiert Wissenschaft

Wolfgang Bibel ]

iInformatik Spektrum (2022) | Cite this article

102 Accesses | Metrics

Examples: mathematical theories, metaphysical theories, legal
theories, etc., including even their underlying logics



Al & Representing Objects

Human-Computer
Interaction

Representing object (logical representation)

Experiment

.




Al & Representing Objects
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Holy Logic: Computer Scientists 'Prove’' God Exists

By David Knight

i

Austrian mathematician Kurt Godel kept his proof of God's existence a secret for de«
mathematically using a computer.
Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt

Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.
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News and Fake News

Formel von Kurt Godel: Mathematiker bestatigen Gottesbeweis

Von Tobias Hurter

Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

MEDIA & CULTURE

Is God Real? Scientists ‘Prove’ His
Existence With Godel’s Theory And

MacBooks

HOME / SCIENCE NEWS

Researchers say they used MacBook to prove Goedel's
God theorem

God exists, say Apple fanboy scientists

With the help of just one MacBook, two Germans formalize a theorem that confirms the existence of God.

Fake news by award winning journalist Chris Matyszczyk (c[net)
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COMPUTER-SUPPORTED ANALYSIS OF POSITIVE
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Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight
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Computer Science > Logic in Computer Science

[Submitted on 13 Feb 2022]
| A Simplified Variant of Goédel's Ontological Argument
picture-alliance/ Imagno/ Wiener Stadt- und Landesbibliothek

Austrian mathematician Kurt Godel kept his proof of God's existence a secret for decades. Now two scientists say they have proven it Christoph Benzmiuller
mathematically using a computer.

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.
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Universal (Meta-)Logical Reasoning

Applications
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Designing normative theories for ethical and
legal reasoning: LoGiKEy framework,
methodology, and tool support

Object Logic(s)

Science of Computer

Programming & Meta-Logic (HOL)

Volume 172, 1 March 2019, Pages 48-62
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Universal (meta-)logical reasoning:
Recent successes *

Different Layers — Flexibility (except HOL) — Parallel & Cyclic Development

Christoph Benzmiiller  ° 2 @&




Universal (Meta-)Logical Reasoning

Science of Computer

Programming
Volume 172, 1 March 2019, Pages 48-62

Applications
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Type Theory
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Meta-Logic (HOL)

Christoph Benzmiller &2 & Lawrence C. Paulson
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Universal (Meta-)Logical Reasoning

Metaphysics
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picture-alliance/ Imagno/ Wiener Stadt- und Landesbibliothek
Austrian mathematician Kurt Godel kept his proof of God's existence a secret for decades. Now two scientists say they have proven it
mathematically using a computer.

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.
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Automating Gaodel's Ontolagical Proof of God's Existence with
Higher-order Automated Theorem Provers
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Universal (Meta-)Logical Reasoning
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(Modal) Ultrafilter Theory

Intensional Higher-Order Modal Logic

ctur cef Imagno/ Wiener Stadt- und Landesbibliothek
Austrian mathematician Kurt Godel kept his proof of God's existence a secret for decades. Now two scientists say they have proven it
mathematically using a computer.

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.
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Universal (Meta-)Logical Reasoning

Law & Ethics
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Universal (Meta-)Logical Reasoning
via Shallow Semantical Embeddings in Higher-Order Logic (HOL)

e . . . . Approach: Shallow Semantic Embedding in HOL
If we had 1t [a characteristica universalis],

we should be able to reason in metaphysics L (target logic):
. . HOL (meta-logic):
and morals 1n much the same way as 1n

geometry and analysis.” Embedding of [N in I
(Leibniz, 1677)

Signature of HOL (Constants and Logical Symbols):

Meta-logical notions:

Logic L
Semantics Formulas of L are directly identified with terms HOL

defining equations are passed to HOL theorem prover(s)
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HOL » research .
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Ontological Argument — Results
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Holy Logic: Computer Scientists 'Prove’ God Exists

By David Knight

mathematically using a computer.

Two scientists have formalized a theorem regarding the existence of God penned by mathematician Kurt
Godel. But the God angle is somewhat of a red herring -- the real step forward is the example it sets of
how computers can make scientific progress simpler.

Various insights not known before!



Study/Exploration of Foundational Theories

Axiom Systems for Category Theory
... explored in Free Logic ... embedded in HOL



Axiomatization of Category Theory in Free Logic

Dana Scott. "Existence and description in formal logic.”
S C O't't 1 9 6 7 [n: Bertrand Russell: Philosopher of the Century, edited
by R. Schoenman. George Allen & Unwin, London,
| 1967, pp. 181-200. Reprinted with additions in:
16 Philosophical Application of Free Logic, edited by K.
Lambert. Oxford Universitry Press, 1991, pp. 28 - 48.

SRV

DANA SCOTT IDENTITY AND EXISTENCE IN INTUITIONISTIC LOGIC

Existence and Description in Scott 1977 Dans Scott
FOI”mal Logic Merton College, Cxford, England

The problem of what to do with improper descriptive phrases has Ex <«* Edom(x)
bothered logicians for a long time. There have been three major
suggestions of how to treat descriptions usually associated with the
names of Russell, Frege and Hilbert-Bernays. The author does not
consider any of these approaches really satisfactory. In many ways _ . . .
Russell’s idea is most attractive because of its simplicity. However, there 15 a simple psychological reason: we d

Standard formuwlations of 1ntulitionistic
Ex <> Ecod(x)

category theorists, generally de nol Lake in

(For a2 recent reference see Makkali and Reyes

E(xoy) < dom(x) = ced(y)

1st. Certainly we shoul: —
Technically the 1dea 1s to permit a wider interpretation of free variables. . _ xo(yoz) - (X°Y)°Z
n explicit. In classic;
A1l bound variabl ' ] i ] ] we say somethin ]
bles retain their usual existential import (when Yy g sossible <o split the d 5 -
N 3 - . : n e 17 , X omi X - X
exists it does exist), but free variables behave in a more "schematic" way. Thus ‘ )
questicon does cor does mn

- - . . “ - - o “ ‘. - . )
there will be no restrictions on the use of modug ponens or on the rule of substitut ‘he eireumstance

cod(x)ex

on i1nvolving free variables and their occurrences. The laws of quantlf}ers require L. e.» example. Many p

some modificaticn, however, to make the existential assumptions explicit. The modif-

ication is very straightforward, and I shall argue that what has to be done 1is

cate in a2 mild way irn this paper what I consider a simple

al fermulation of logic allowing reference to partial elements.
simply what is done naturally in making a relativization of quantifiers from a he entirely formal here, but for the model theory of the system

larger domain to a subdomain. Again in intuitionstic logic we have to take care over hsult Fourman and Scott [10] for interpretations over a complete
relativization, because we cannot say “hat either the subdomain is empty or not - this includes the so-called Kripke models) and Fourmen [8]

thus a given element may be only "partially" in the subdomain. en in 1975) for the interpretation in an arbitrary topos.




Free Logic

Existence and Description in Formal Logic (Dana Scott), 1967

Principle 1: Bound individual variables range over domain £ C D
Principle 2: Values of terms and free variables are in D, not necessarily in E only.

Principle 3: Domain £ may be empty

D: raw objects

values of free variables

E: existing objects *
undefined

values of bound variables




theory AxiomaticCategoryTheory FullFreeLogic imports Main
g|begin

| | . . . .
Free I o IC In HOl typedecl i (*Type for individuals*)
g et consts fExistence:: "i=bool" ("E") (*Existence/definedness predicate in free logic¥*)

consts fStar:: "1" ("x") (*Distinguished symbol for undefinedness*)
axiomatization where fStarAxiom: "-E(x)" (*+ is a " "non-existing'' object in D.*)

abbreviation fNot ("—") (*Free negation*)

D: rayf objects B 16| where "¢ = "
' 1§ X . 17/abbreviation fImplies (infixr "—" 13) (*Free implication*)
where "¢ — ¥ = ¢ > "
abbreviation fIdentity (infixr "=" 13) (*Free identity*)
VAR 4\ where "l = r = 1 = r"
E: existing objects VA A abbreviation fForall ("V") (*Free universal quantification guarded by @{text "E"}*)

values of bound variables y / | " where "VO& = W¥Xx. E X > P X"
A4 »~~ /" 23|abbreviation fForallBinder (binder "¥" [8] 9) (*Binder notation*)

where "V¥x. » x = V"
abbreviation fThat:: "(i=bool)=1i" ("I")
where "I® = if dX. E(X) A ®(x) A (VY. (E(y) A D(y)) » (Y

then THE x. E(x) A $(X)

else x"
abbreviation fThatBinder:: "(i—bool)=1i" (binder "I" [8] 9)
where "IX. p(X) = I(p)"

X))

* Free connectives 7 and — ... as \n HOL text < Further free logic connectives can now be defined as usual. >

* Free quantifier V relativized by E abbreviation fOr (infixr "v* 11)

* Free description constrained by E where "¢ V ' = (—p) — 4"
abbreviation fAnd (infixr "A" 12)

where "¢ A v = = (0p V )"

abbreviation fImplied (infixr "«" 13)

where "¢ « ¥ = ¥ — "

abbreviation fEquiv (infixr "«<" 15)

where "¢ & ¥y = (¢ = ¥) A (P —= )"
abbreviation fExists ("3")

where "30 = =(V(Ay. (D y)))"
abbreviation fExistsBinder (binder "3" [8]9)
where "3Ix. » x = Jp"

As usual




g/theory AxiomaticCategoryTheory FullFreeLogic imperts Main
g|begin

[ | [ | . . . .
Free Lo IC In HOL 10| typedecl 1 (*Type for individuals¥)
g 11/consts fExistence:: "i—=bool" ("E") (*Ex1stence/df1nedness predlcate in free logic*)

Molgonsts fStar,: "i"™Up¥)  (*Digpinguished s
s[axiomatiza®dgn where” TStarAxion: ™~ E(*)" 4

15|abbreviation fNot ("-") (*Free negation*)

D: raw objects 16| where "—p = "

values of free variables 17/abbreviation fImplies (infixr "—" 13) (*Free implication*)
18| where "¢ — ¥ = ¢ — "
19|]abbreviation fIdentity (infixr "=" 13) (*Free identity*)

20 where "L =r = 1 = r"

21/abbreviation fForall ("V") (*Free universal quantification guarded by @{text "E"}*)
22| where "VO& = ¥Xx. E X — & X

23|abbreviation fForallBinder (binder "V" [8] 9) (*Binder notation*)

24| where "V¥x. » X = V"

abbrev1a\'on_fThat “f(1:>b001):§1".("1")“
o .

28
29|ab

21labbreviation fForall ("V") (*Free universal quantification gquarded by @{text "E"}*)
22| where "V& = Vx.{(E x —)® x"

»3labbreviation fForallBinder (binder "V" [8] 9) (*Binder notation¥*)

24| where "VX. ¢ X = Vc,o"

25|abbreviation fThat:: "(i=bool)=1i" ("I")
26| where "I® = if Hx (E(X) _AJP(x) ((E(
then THE x.(E(X) A )

else x"

29labbreviation fThatBinder:: "(i=-bool)=1i" (binder "I" [8] 9)
30| where "IX. ¢o(Xx) = I(p)"

E': existing objects

values of bound variables

=%" (binder "I" [8] 9)

TR — (¥ = x)




Axioms Set |

Generalized
Axioms Set Il Monoids

—_— 5 t Freyd & Scedrov
1992

Axioms Set V

Scott 1977 Dana Scott’s

Axioms from 1977 Axioms from 1992

Axioms Set Il

Axioms Set IV

T
: "%
_“.

Dana Scott




Preliminaries

Morphisms: objects of type of i (raw domain D)

Partial functions:

domain dom oftypei — i
codomain cod oftypei—i
composition - of typei — i —i(resp. i Xi— i)

~ denotes Kleene equality: x=2y=(ExVEy)—>x=y

(where = is identity on all objects of type i, existing or non-existing)

= |s an equivalence relation: SLEDGEHAMMER.

~ denotes existing identity: x=2xy=ExAEyAx=y

~ |s symmetric and transitive, but lacks reflexivity: SLEDGEHAMMER, NITPICK.




Preliminaries

> =~ gquivalence relation on E, empty relation outside E
» 1/0#1/0 1/0%2/0

> Ix.pkoFrance(x) # Ix.pkoFrance(x)
Ix.pkoFrance(x) # Ix.pkoPoland(x)

=~ denotes Kleene equality: xzy=(ExVEy)—>x=Yy

(where = Is identity on all objects of type i, existing or non-existing)

=~ |s an equivalence relation: SLEDGEHAMMER.

~ denotes existing identity: xxy=ExAEyAx=y

~ |g symmetric and transitive, but lacks reflexivity: SLepGgeHAMMER, NITPICK.




Table 1 Stepwise evolution of Scott’s [33] axiom system for category theory from partial monoids

Axioms Set |

Si E(x -y) — (Ex AEYy)
J F Ex -y) «— (ExXAEYA(Qzuz  2=EZAX - Z2=EXAZ-Y=Y))
A; x-(y-z)=(x-y)z
C; Vvediali ATy =y
. . D! Vx-ajllj/\X'j;x
235|section < Axioms Set V >
236 Axioms Set 11
237|locale Axioms_Set_V = S;: Ex-y) — (Ex ANEy)A(E(domx) — Ex) A (E(cod y) — Ey)
23g|assumes
239 S1: "E(dom x) — E x" and E;; Ex-y) «— (ExAEYA @2z - 2= ZAX-Z=ZXAZ-VE YY)
240 S2: "E(COd Y) — E Y" and A” x.(}v.z)g(x.y).z
241 S3: "E(X-y) & dom x ~ cod y" and R N
42| S4: "x.(y-z) = (x.y)-z" and Cij Ey — (I(cod y) A(cod y) -y = y)
243| S5: "x-(dom x) = x" and D;; Ex — (I(dom x) A x - (dom x) = x)

~/

244 S6: "(cod y).y = y"

245|begin (*The obligatory consistency checks*) Axioms Set 111

246 Lemma True S;i; Ex y) — (ExAEy) A (E(domx) —> Ex) A (E(cod y) —> Ey)
247 nitpick [satisfy, user axioms, expect=genuine] oops (*model found*) ‘ —~ , '
248 Llemma assumes "Ix. —(E x)" shows True Eiii E(x-y) <— (dom x = cod y A E(cod y)))
249 nitpick [satisfy, user_axioms, expect=genuine] oops (*model found*) Ajii x-(y-2)=x-y)-z2
250| Lemma assumes "(dx. = (E x)) A (3x. (E x))" shows True - , N
251 nitpick [satisfy, user axioms, expect=genuine] oops (*model found*) Ciii Ey — ((cod y) A(cody) -y =)
252|end Djiq Ex — (I(dom x) A x - (dom x) = x)
253 :
254|context Axioms Set V (*Axioms Set IV is implied by Axioms Set V+*) AXIOMS Set 1y | |
255|begin L Ex-y) — (ExAEy)A(E(domx) —> Ex) A (E(cod y) —> EY)
256/ Llemma S;i.FromV: "(E(x-y) — (E x A Ey)) A (E{(dom x ) — E x}) A (E(cod y} — E y)" E. Elx . v) «——> (dc ~ cod v A E(cod v
257 using S1 S2 S3 by blast v (- ¥) N (dom x = cod 3 (cod y)))
= x-(y-a)=x-y)-z

258| Llemma EijFromV: "E(X-y) « (dom X = cod y A E(cod y))" using S3 by metis Ay R
50| lemma AivFromV: "x-(y-z) = (x-y)-z" wusing S4 by blast ¢ - ; (cody) -y =y
266| lemma Ci,FromV: "(cod y)-y = y" using S6 by blast v

261 lemma Dj,FromV: "x-(dom x) = x" wusing S5 by blast Dy, x - (domx) =x
262/ end Axioms Set V [33]

263 |
264|context Axioms Set IV (*Axioms Set V is implied by Axioms Set IV#) 51 E(dom x) — Ex
265\ begin §2 E(cody) — EYy

266/ Lemma S1FromIV: "E(dom x) — E x" wusing Si, by blast
267 lemma S2FromIV: "E(cod y) — E y" wusing Si, by blast & §3 ; E(x-y) «— domx >~ cod y
26 lemma S3FromIV: "E(x-y) < dom x =~ cod y" using Ei, by metis i My v M x-(y-2)=(x-y) -z

260| Llemma S4FromIV: "x-(y-z) = (xy)-z" wusing A;y by blast iy

270| Llemma S5FromIV: "x-(dom x) = X" wusing Div by blast (cody) -y =y
2711 Llemma S6FromIV: "(cod y)-y = y" wsing Ci, by blast

X - (domx) =x




From Monoids to Categories

We employ a partial, strict binary composition operation -
Left and right identity elements are addressed in C;, D;, .

Categories: Axioms Set |
S;  Strictness E(x-y) = (Ex A Ey)
E; Existence E(x-y) — (ExANEYyAN(Azz-2=2zAX-Z2=XAZ-Yy=Y))
A; Associativity x-(y-z2)=(x-y)-z
C; Codomain Vy.iID@) Ai-y=y
D; Domain Vx.AjIDG)Ax-j=x

where [ is an identity morphism predicate:

ID)=(M¥x.E(i'x) 2> i-x=2x)AVx. E(x 1) > x 1 =Xx)

Monoid
Closure: Ya,be S.aobe S

Associativity: Va,b,ce€S.ao(boc)=(aob)oc
|dentity: dids € S.Yae S. idsoa=a=aoids




From Monoids to Categories

We employ a partial, strict binary composition operation -
Left and right identity elements are addressed in C;, D;, .

Categories: Axioms Set |
S;  Strictness E(x-y) = (Ex A Ey)
E; Existence E(x - y) — (ExANEyA(Jzz-2=2zZAX-Z22XAZ-Yy=Y))
A; Associativity x-(y-2)=(x-y)-z
C; Codomain Yy.diIDG) Ai-y=y
D; Domain Vx.AJIDG)AXx-j=x

where I is an identity morphism predicate:

IDO=WVWx.EG-x)=i-x=2x)ANVx. Ex-i) o x-i=x)

Experiments with Isabelle/HOL

e The i in axiom C is unique: SLEDGEHAMMER.
e The jin axiom D is unique: SLEDGEHAMMER.
e However, the i and j need not be equal: Nirpick




From Monoids to Categories

We employ a partial, strict binary composition operation -
Left and right identity elements are addressed in C;, D;, .

Categories: Axioms Set |
Strictness E(x-y) = (Ex A Ey)
Existence Ex-y) — (ExXANEyYA(dzz-2=2ZAX-2=2ZXAZ-Y=Y))
Associativity x-(y-2)=x-y)-z
Codomain Vy.diIDG) Ai-y=y
Domain Yx.AIDG)AXx-j=x

where [ is an identity morphism predicate:

IDO=WWx.EG-x) =i x=2x)ANVx. Ex-i))>2x-12X)

Experiments with Isabelle/HOL

e The left-to-right direction of E is implied: SLEDGEHAMMER.
Ex-y) > (ExANEyANdzz-z2=zAx-2=2xAz2-y2Y))




From Monoids to Categories

We employ a partial, strict binary composition operation -
Left and right identity elements are addressed in C;, D;, .

Categories: Axioms Set |
Strictness E(x-y) = (Ex A Ey)
Existence Ex-y) — (ExXANEyYA(dzz-2=2ZAX-2=2ZXAZ-Y=Y))
Associativity x-(y-2)=x-y)-z
Codomain Vy.diIDG) Ai-y=y
Domain Yx.AIDG)AXx-j=x

where [ is an identity morphism predicate:

IDO=WWx.EG-x) =i x=2x)ANVx. Ex-i))>2x-12X)

Experiments with Isabelle/HOL

e Model finder Nitpick confirms that this axiom set is consistent.
e Even if we assume there are non-existing objects (dx.—(Ex)) we get consistency.




Interaction: Dana — Christoph — Isabelle/HOL

Dana Scott <dana.scott@cs.cmu.edu> 8/6/16

ome

> 0On Aug 5, 2016, at 11:00 PM, Christoph Benzmueller
>

> When we take |IDD(i) as

> (all X)[E(i.x) ==>ix==x] & to Dana (>

> (all x)[ E(x.i) ==>x.1==x] Dana,

> and replace ID(i) in our SACDE-axioms by IDD(i) thei _

> |1D(1) and IDD(i) are equivalent. See attachment New here are the results of the experiments; doesn't look too good.
>

> So IDD(i) seem suited as a notion of identity morphisi

Interaction: Dana — Christoph — Isabelle/HOL

t Christoph Benzmueller <c.benzmueller@gmail.com= @ 7/23/16

On Fri, Jul 22, 2016 at 11:43 PM, Dana Scott <dana.scoti@cs.cmu.edu> wrote:

> On Jul 21, 2016, at 9:32 AM, Christoph Benzmueller <c.benzmueller@gmail.com> wrote:
Ha! | am surprised, because | did not see how to prove >
> The F-axioms are all provable from the old S-axioms.
(all )[ IDD(i) ==>i.i==i] > But D2, D3 and E3 are not.

: : . | think | see the trouble with those D axioms. But E3 is very odd.
| have to think about this. | hate it when computers are | il
smarter than | am! E3: E(x.y) ==> (exist i)[ 1d(i) & x.(i.y) == x.y ]

| guess C and D have to be used. You see, by the S-axioms, if you assume E(x.y), then E(x) & E(y) & E(cod(x))
follows. So the "i" in the conclusion of E3 ought to be "cod(x)".

Please check, therefore, whether this is provable from the S-axioms:
(all x) Id(cod(x))

Apparently it isn't. See file Scott_new_axioms_4.png; the countermodel is presented in the lower window; he have:

dom(i1)=i1, dom(i2)=i2, dom(i3)=i3 Countermodel by
cod(i1)=i1, cod(i2)=i2, cod(i3)=i3 g .=

1.1=i1, i1.i2=i3, i1.i3=i3 Nitpick
2.i1=i3, i2.i2=i2, i2.i3=i3 converted by me

i3.i1=i3, i3.i2=i3, i3.i3=i3 .
E(i1),E(i2), ~E(i3) into a readable form

| have briefly checked it; it seems to validate each S-axiom.

If this is OK. then E3 should have been provable.




From Monoids to Categories

Axioms Set Il is developed from Axioms Set | by Skolem-
ization of i and j in axioms C and D. We can argue
semantically that every model of Axioms Set | has such
functions. The strictness axiom S Is extended, so that
strictness is now also postulated for the new Skolem func-
tions dom and cod.

Categories: Axioms Set |
S;;  Strictness E(x-y) > (ExANEy) A (E(dom x) — Ex) A (E(cod v) — Ey)

Existence Ex y)— (ExANEyAN(dzz-2=2ZAX-Z22XAZ-Yy=Y))
Associativity x-(y-z2)=(x-y)-z

Codomain Ey — (ID(cod y) A (cod y) - y = y)

Domain Ex — (ID(dom x) A x - (dom x) = x)

Categories: Axioms Set |
S;  Strictness E(x-y) = (Ex A Ey)
E; Existence Ex-y)— (ExANEyAN(Qzz-2=22AXx-2=2XxAZ-y=Y))
A; Associativity x-(y-z2)=(x-y)-z

C; Codomain Vy.diID@ ANi-y=y

D; Domain Yx.AjIDGYAX-j =X




From Monoids to Categories

Axioms Set Il is developed from Axioms Set | by Skolem-
ization of i and j in axioms C and D. We can argue
semantically that every model of Axioms Set | has such
functions. The strictness axiom S is extended, so that
strictness is now also postulated for the new Skolem func-
tions dom and cod.

Categories: Axioms Set Il
S, Strictness E(x-y) = (Ex A Ey) A (E(dom x) — Ex) A (E(cod y) — Ey)
;i Existence Ex-y)— (ExANEyAN(dzz-z2=2zAXx22XxAZy=2Y))

E

All
Cii
Dll

Associativity x-(y-2)=x-y)-z
Codomain Ey — (ID(cod y) A (cod y) - y = y)
Domain Ex — (ID(dom x) A x - (dom x) = x)

Experiments with Isabelle/HOL

e Consistency holds (also when dx.—(EXx)): confirmed by Nirpick.
e Axioms Set Il implies Axioms Set |: easily proved by SLEDGEHAMMER.
e Axioms Set | also implies Axioms Set Il (by semantical means on the meta-level)




From Monoids to Categories

In Axioms Set lll the existence axiom E is simplified by
taking advantage of the two new Skolem functions dom
and cod.

Categories: Axioms Set Il
Strictness E(x-y) = (Ex A Ey) A(E(dom x) — Ex) A (E(cod y) — Ey)
Existence E(x:y) « (dom x = cod y A E(cod y))
Associativity x-(y-2)=(x-y)-z
Codomain Ey — (ID(cod y) A (cod y) - y = y)

Domain Ex — (ID(dom x) A x - (dom x) = x)

Categories: Axioms Set Il
S;;  Strictness E(x-y) = (Ex ANEy) A (E(dom x) — Ex) A (E(cod y) — Ey)
E; Existence Ex-y)— (ExANEyANQzz-z=zAXx-2=2xAZ-y=Y))
A; Associativity x-(y-2)=(x-y)-z
C; Codomain Ey — (ID(cod y) A (cod y) - y = y)

D; Domain Ex — (ID(dom x) A x - (dom x) = x)

i




From Monoids to Categories

In Axioms Set lll the existence axiom E is simplified by
taking advantage of the two new Skolem functions dom
and cod.

Categories: Axioms Set Il
S Strictness E(x-y) = (Ex AN Ey) A(E(dom x) — Ex) A (E(cod y) — Ey)
E;; Existence E(x-y) « (dom x = cod y A E(cod y))
A Associativity x-(y-z2)=(x-y)-z

C,;; Codomain Ey — (ID(cod y) A (cod y) -y = y)

D;; Domain Ex — (ID(dom x) A x - (dom x) = x)

Experiments with Isabelle/HOL

e Consistency holds (also when dx.—(Ex)): confirmed by NiTpick.

e The left-to-right direction of existence axiom E is implied: SLEDGEHAMMER.
e Axioms Set lll implies Axioms Set |l: SLEDGEHAMMER.

e Axioms Set Il implies Axioms Set |l SLEDGEHAMMER.




Interesting Model (idempotents, but no left- & right-identities)

1 @d@F S 9 & HJE & T EHEEF L @ O + =

= AxiomaticCategoryTheorySimplifiedAxiomSet|E1l.thy (~/chris /trunk/tex/talks /2018-AITP/DEMO/) +

=153|context (* Axiom Set III *)
154|assumes
155| Siiit "(E(xy) — (E x AE y)) A (E(dom x ) = E x) A (E(cod y) — E y)" and
156] Eiii: "E(xy) « (dom x = cod y A E(cod y))" and
157| Aiii: "x-(y-z) = (xy)-z" and
158] Ciii: "E y — (ID(cod y) A (cod y)-y y)" and
"E x — (ID(dom x) A x-(dom x) = x)"

B

q

LUONIBIUAWNDO(]

(* Llemma E;iFromIII: "E(xy) « (E X EyA(Jz. zz=2zAXZEXAZY = y))" *)
lemma E;iFromIII: "E(xy) « (E x E y)" nitpick [show!all.format=2] (*Countermodel*) «

end

v
Q
™

2.
N

r
v
~t
o

~t

v Proof state v Auto update Update  Search:

Nitpicking formula. ..
> Nitpick found a counterexample for card 1 =

Free variables:
X = i]
y = 1z
Constants:
codomain = (Ax.
op - = (Ax. _)
((1,, i)
(12, 12)
(13, 1s3)
domain = (Ax. )(i, := 1, 1, := 1z, 13 :

F = () Y(1, = Truea 1~ *= True 1, *

B3 v OQutput Query Sledgehammer Symbols
162,63 (6973/30779) (isabelle,isabelle,UTF-8-1sabelle) UG BEFASIEERLNE 1 error(s)3:46 PM




From Monoids to Categories

Axioms Set |V simplifies the axioms C and D. However,
as it turned out, these simplifications also require the ex-
iIstence axiom E to be strengthened into an equivalence.

Categories: Axioms Set IV

S,  Strictness E(x-y) — (Ex AN Ey) A (E(dom x) = Ex) A (E(cod y) — Ey)
E; Existence E(x-y) < (dom x = cod y A E(cod y))
C

A;, Associativity x-(y-20=x-y)-z
» GCodomain (cody) -y=y

D;, Domain x-(domx)=x

Categories: Axioms Set Il
S:;;  Strictness E(x-y) » (Ex A Ey) A (E(dom x) — Ex) A (E(cod y) — Ey)
i EXxistence E(x-y) « (dom x = cod y A E(cod y))
;. Associativity x-(y-z2)=x-y)-z
Codomain Ey — (ID(cod y) A (cod y) - y = y)
Domain Ex — (ID(dom x) A x - (dom x) = x)




From Monoids to Categories

Axioms Set |V simplifies the axioms C and D. However,
as It turned out, these simplifications also require the ex-
iIstence axiom E to be strengthened into an equivalence.

Categories: Axioms Set IV

S;,,  Strictness E(x-y) — (Ex ANEy) A (E(dom x) = Ex) A (E(cod y) — Ey)
E;,  EXxistence E(x-y) < (dom x = cod y A E(cod y))
Ci

A Associativity x-(y-2)=(x-y)-z
»  Codomain (cody)-y=y

D;, Domain x-(domx)=x

V

Experiments with Isabelle/HOL

e Consistency holds (also when dx.—(EXx)): confirmed by Nirpick.
¢ Axioms Set IV implies Axioms Set |ll: SLEDGEHAMMER.
e Axioms Set lll implies Axioms Set |V: SLEDGEHAMMER.




From Monoids to Categories

Axioms Set V simplifies axiom E (and S).
Now, strictness of - Is implied.

Categories: Axioms Set V (Scott, 1977)

S1  Strictness E(dom x) — Ex

$2  Strictness E(cod y) — Ey

S$3  Existence E(x-y) o domx=~cody
54 Associativity x-(y-z2)=2x-y)-z

S5 Codomain (cody) -y=y

S6 Domain X (dom x) = x

Categories: Axioms Set IV

S; Strictness E(x-y) = (Ex A Ey) A (E(dom x) — Ex) A (E(cod y) — Ey)
E; Existence E(x-y) o (domx = cod y A E(cod y))
C

A, Associativity x-(y-2)=(x-y)-z
v Godomain (cod y)-y =y

D;, Domain x-(domx) =x




From Monoids to Categories

Axioms Set V simplifies axiom E (and S).
Now, strictness of - is implied.

Categories: Axioms Set V (Scott, 1977)

51
S2
S3
54
S5
S6

Strictness
Strictness
Existence
Associativity
Codomain
Domain

E(dom x) — Ex
E(cod y) — Ey

E(x-y) & domx = cod y
x-(y-2)=2x-y)-z
(cody) -y=y
x-(domx)=x

Experiments with Isabelle/HOL

e Consistency holds (also when dx.—(EXx)): confirmed by Nirpick.
¢ Axioms Set V implies Axioms Set |V: SLEDGEHAMMER.
e Axioms Set IV implies Axioms Set V: SLEDGEHAMMER.




Cats & Alligators

Axioms Set |

Generalized
Axioms Set |l Monoids

Scott 1977

Axioms Set Il

Axioms Set IV

Axioms Set V

Dana Scott’s
Axioms from 1977

~ Freyd & Scedrov

[ 1992
i P :

Axioms Set VI

—?— Freyd & Scedrov's
Axioms from 1992




Cats & Alligators

1.1, BASIC DEFINITIONS

The theory of CATEGQORIES is given by two unary operations and a
binary partial operation. In most contexts lower-case variables are used

for the ‘individuals’ which are called morphisms or maps. The values of
the operations are denoted and pronounced as:

Ox the source of x ,
xO the target of x|

xy the composition of x and y .

The axioms:

W xy is defined iff xO =0y,

o (000 =0x and O(D0) = x0, P2

A2 (Ox)x=x and x(xO) = x, 3b

Ak O(xy) = O(x(Qy) and  (x)3 = (xD))D. P45
WS x(yz) = (x)z.

1.11. The ordinary equality sign = will be used only in the symmetric
sense, to wit: if either side is defined then so is the other and they are
equal. A theory, such as this, built on an ordered list of partial oper-
ations, the domain of definition of each given by equations in the
previous, and with all other axioms equational, is called an ESSENTIAL-
LY ALGEBRAIC THEQRY.

1.12, We shall use a venturi-tube = for directed equality which means: if
the left side 1s defined then so is the right and they are equal. The axiom
that CJ(xy) = O(x(Oy)) is equivalent, in the presence of the earlier
axioms, with O(xy)=0Cx as can be seen below.

1.13. [J(Ox) = Ox because O(Cx) = O(Ox)Q) = (Ox)0 = Ox. Simi-
larly (x0O)O = x(1.




Cats & Alligators

Categories: Original axiom set by
Freyd and Scedrov (modulo notation)

A1 E(x-y) o domx =cody
A2a cod(dom x) = dom x

A2b  dom(cod y) = cod y

A3a x-(domx)=x

A3b (cody)-y=y

Ada  dom(x-y) = dom((dom x) - y)
Adb cod(x-y) = cod(x - (cod y))
A5 x-(-)=x-y)-z

Experiments with Isabelle/HOL

e Consistency? — Nitpick finds a model.
e Consistency when assuming dx.—Ex — Nitpick does not find a model.
e lemma (dx.—Ex) — False. SLEDGEHAMMER. (Problematic axioms: Al, A2a, A3a)




Cats & Alligators

Categories: Axioms Set Vi
(Freyd and Scedrov, when corrected)
A1 E(x-y) & domx ~cody
A2a cod(dom x) = dom x
A2b dom(cod y) = cod y
A3a x-(domx)=x
A3b (cody)-y=y
Ada dom(x-y) = dom((dom x) - y)
Adb cod(x-y) = cod(x - (cod y))
AS  x-(y-2)=2(x-y-z

Experiments with Isabelle/HOL

e Consistency holds (also when dx.—(Ex)): confirmed by Nirpick.
e Axioms Set VI implies Axioms Set V. SLEDGEHAMMER.

e Axioms Set V implies Axioms Set VI: SLEDGEHAMMER.

¢ Redundancies:

— The A4-axioms are implied by the others: SLEDGEHAMMER.

— The A2-axioms are implied by the others: SLEDGEHAMMER.




Cats & Alligators

Maybe Freyd and Scedrov do not assume a free logic.
In algebraic theories free variables often range over exist-
ing objects only. However, we can formalise this as well:

Categories: “Algebraic reading” of axiom set by Freyd and Scedrov.
AT Vxy. E(x-y) © domx = cody
A2a VYx. cod(dom x) = dom x
A2b VYy. dom(cod y) cod y
A3a VYx. x-(domx) =
A3b  Vy.(cody)-y=y
Ada VYxy. dom(x-y) = dom((dom x) - y)
Adb  VYxy. cod(x-y) = cod(x - (cod y))
A5 VYxyz.x-(y-2)=x-y)-z

Experiments with Isabelle/HOL

e Consistency holds (also when Jx.—(Ex)): confirmed by NiTpick.
e However, none of V-axioms are implied: Nirpick.
e For equivalence to V-axioms: add strictness of dom, cod, -, SLEDGEHAMMER.




Cats & Alligators

Maybe Freyd and Scedrov do not assume a free logic.
In algebraic theories free variables often range over exist-
Ing objects only. However, we can formalise this as well:

Categories: “Algebraic reading” of axiom set by Freyd and Scedrov.
A1 Vxy. E(x-y) ©@domx =cody
A2a Vx. cod(dom x) = dom x
A2b  Yy.dom(cod y) = cod y
A3a Vx.x-(domx)=x
A3b Vy.(cody) -y=y
Ada Vxy.dom(x-y) = dom((dom x) - y)
Adb  Vxy.cod(x-y) = cod(x - (cod y))
A5 Yxyz.x-(y-z2)=(x-y)z

Experiments with Isabelle/HOL

But: Strictness is not mentioned in Freyd and Scedrov!
And it could not even be expressed axiomatically, when variables range over of
existing objects only. This leaves us puzzled about their axiom system.

Hence, we better prefer the Axioms Set V by Scott (from 1977).




GROUPS, CATEGORIES AND DUALITY

By SAUNDERS MACLANE*

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO
Communicated by N{arshall Stone, May 1, 1948

It has long been recognized that the theorems of group theory display
a certain duality. The concept of a lattice gives a partial expression for
this duality, in that some of the theorems about groups which can be

formulated in terms of the lattice of subgroups of a group display the

customary lattice duality between meet (intersection) and join (union).
The duality is not always present, in the sense that the lattice dual of a

tme the i e T T W —— e Ly weensmmp] TERUIDIT U N, TIEDWE WIS SO SIS SR v

theorem mtroduced the notion of a category A category is a class of “‘mappings”
1 (say, homomorphisms) in which the product ap of certain pairs of mappings

a and B is defined. A mapping e is called an tdenfity if pa = aand Bp = B
whenever the products in question are defined. These products must
satisfy the axioms:

(C-1). If the products vB and (vB)a are defined, so is Ba;

(C-17). If the products Ba and v(Ba) are defined, so is yB;

(C-2). If the products vfB and Ba are defined, so are the products (vf)c
and ‘Y(ﬁa). and these products are equal.

For each ~ there s an zdenttty ep such that Yép i1s defined,;

It follows that the identities ep and cR are unique; they may be called,
respectively, the domain and the range of the given mapping v. A mapping
8 with a two-sided inverse is an equivalence.

These axioms are clearly self dual, and a dual theory of free and direct
products may be constructed in any category in which such products exist.




As before, we adopt an algebraic reading and add an explicit strictness condition.

Categories: Axioms Set by Mac Lane
CO E(y-B)— (EyANEB) (added by us)
Cl  Vy.Ba. (E(y-B)NE(y-B)-a)) = EB- )
(E(y-B)-a)ANE(y-B-a) A((y-B)-a)=(y-(B-a)))
C3  Vy. deD. IDMcL(eD) A E(y - eD)
C4 V. deR. IDMcL(eR) A E(eR - y)

where IDMcL(p) = Ya.E(p-a@) > p-a=a) A(NB.EB-p) = B-p =)

Consistency holds (also when dx.—(EXx)): confirmed by NiTpick.




How about the Skolemized variant?

Categories: Axioms Set by Mac Lane
CO  (E(y:p) — (Ey AEP)) A (E(dom y) — (Ey)) A (E(cod y) — (Ey)) (added)
Cl1 Vyv.Ba (E(y -BANE(y B @) — E@B- @)
C1" Vy,B,a. (EB-a)ANE(y-(B-a)) = E(y-B)
C2 Vy,B,a.(E(y-BYANEQB-a)) —
Ey-B) - )AEy-B-a2)A((y-)-a)=(y-(B-a))
C3  Vy.IDMcL(dom y) A E(y - (dom y))
C4 Vvy.IDMcL(cod v) A E((cod y) - y)

Consistency holds (also when dx.—(Ex)): confirmed by Nitpick.

This axioms set is equivalent to (as shown by Sledgehammer)

Categories: Axioms Set V (Scott, 1977)

S1  Strictness E(dom x) — Ex

S2  Strictness E(cod y) — Ey

S$3  Existence E(x-y) & domx ~cody
34  Associativity x-(y-z)=(x-y)-z

S5  Codomain (cody) -y=y

S6 Domain x-(domx) =x




How about the Skolemized variant?

Categories: Axioms Set by Mac Lane
CO (E(y-B) — (Ey ANEP)) A(E(dom y) = (Ey)) A (E(cod y) — (Ey)) (added)
Cl V.G, a.(E(y-BYANE(y-p)-a)) - E@B-a)
Cl" Vy.B,a.(EB-a) NE(y-(B-a)) = E(y-B)
(E((y-B)-a)ANE(y-B-a) A((y-B)-a)=(y-(Ba)))
C3  Vy.IDMclL(dom y) A E(y - (dom 7))
C4 Vvy.IDMcL(cod y) A E((cod y) -y)

Consistency holds (also when dx.—(Ex)): confirmed by Nirpick.

See also our “Archive of Formal Proofs” entry at:
https://www.1sa-afp.org/entries/AxiomaticCategoryTheory.html




Results of this study
Axiom Systems for Category Theory $

Representing object (logical representation)

* Connection depicted to generalised monoids -
 Minimal axiom systems, dependencies / }\ \

: - : ° '::‘3'*
* (Consistency, strictness assumptions '

5
- 's\\a‘ §3
%

: _ NL argument ———e——————s Experiment
 Mutual relationships explored e .

Methological Results

 Evidence for LogiKEy methodology
 High degree of automation: theorem proving & (counter-)model finding
 Required familiarity with Isabelle/HOL still (too) high for non-experts

Obvious Question
 How about digging deeper?



Further
Experiments

lucca@tiemens.de

International Conference on Relational and Algebraic Methods in Computer Science

Ly RAMICS 2020: Relational and Algebraic Methods in Computer Science pp 302-317

Computer-Supported Exploration of a Categorical
Axiomatization of Modeloids

Lucca Tiemens 1, Dana S. Scott, Christoph Benzmiiller & Miroslav Benda

A modeloid abstracts from a structure
to the set of its partial automorphisms.

Using our axiomatisation of category
theory we develop a generalization of a
modeloid first to an inverse semigroup
and then to an inverse category.

Formal framework to study relationship

between structures of same vocabulary.

Abstract representation of
Ehrenfeucht-Fraisse games between
two structures.

Freie Universitat Berlin

gonus.aleksey@gmail.com
‘ /

Categorical semantics of Intuitionistic

Multiplicative Linear Logic and its formalization
in Isabelle/HOL

Master’s thesis

17 May 2021

Focuses on fragment of linear logic:
intuitionistic multiplicative LL (IMLL);
further generalisation possible.

Using our axiomatisation of category
theory an interpretation of IMLL
formulas and rules in symmetric
monoidal closed categories is
presented.

Sound Modeling & Automation: IMLL
modelled in Axiomatic Category Theory
modelled in Free Logic modell. in HOL.

jonas.bayer@fu-berlin.de

FREIE UNIVERSITAT BERLIN

BACHELOR S THESIS

Exploring categories, formally

JONAS BAYER

Studies practicability/elegance of
axiomatic category theory approach.

Studies infinite structures: category
a-Set of functions between sets (with
a-type elements); good automation.

Categ. with products & coproducts;
some limitations discussed.

Category of categories: proves that
categories themselves form a
category with functors as arrows.



Fu rther gonus.aleksey@gmail.com " jonas.bayer@fu-berlin.de o s

Freie Universitat Berlin

Experiments - L |

_ BACHELOR S THESIS
lucca@tiemens.de

|~;.-... p——l Categorical semantics of Intuitionistic : .
International Conference on Relational and Algebraic Methods in Computer Science Mllltiplicative Lineal‘ Logic and itS formalization EXplOI’Ing C(ergOlIeS, fOI'mG“Y
- Ly RAMICS 2020: Relational and Algebraic Methods in Computer Science pp 302-317 ill lsabel]e/HOL

n Corpter Lo

Computer-Supported Exploration of a Cate

Axiomatization of Modeloids Further formalized Concepts h I
-~/

Lucca Tiemens B Dana S. Scott, Christaph Benzmuller & Miroslav Benda

A modeloid abstracts from a

i i i 2 of
to the set of its partial automc Crretrckions Inctantiations Categories +

: : . ach.
Using our axiomatisation of Structure :

| 2gor
theory \_Ne _deveIOp e_‘ generall (Co)products (typed) category Set + Binary (co)product g(J 't>|f1
modeloid first to an inverse se (Wi

and then to an inverse categ Equalizers Category of Posets Cartesian categories on.

Formal framework to study re Final & initial objects ducts;

Binary (co)product Cartesian closed
between structures of same Y -

oA Category of Lattices categories L that

Abstract representation of
Ehrenfeucht-Fraisse games Limits (generically) Category of Categories Elementary Toposes

two structures. Pullbacks




Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)

Principia Logico-Metaphysica Computer-Verified Foundations of Metaphysics
and an Ontology of Natural Numbers in Isabelle/HOL
(Draft/Excerpt)

Edward N. Zalta
Philosophy Department Dissertation

Stanford University zur Erlangung des Grades eines
Doktors der Naturwissenschaften Entire PhD

With critical theoretical contributions by ; am Fachbereich Mathematik und Informatik thesis was
o i der Freien Universitat Derlin

Daniel Kirchner e sy written

Institut fur Mathematik
Freie Universitat Berlin
and
Uri Nodelman
Philosophy Department
Stanford University

directly In
|lsabelle/HOL

vorgelegt von

Daniel Kirchner

October 13, 2021

http://mally.stanford.edu/principia.pdf Berlin. December 2021




Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)

Principia Logico-Metaphysica Foundational metaphysical theory (based on
(Draft/Excerpt) a hyperintensional relational HO modal logic)
Formalised & studied in Isabelle/HOL

Edward N. Zalta

P “ Philosophy Department * appProx. 24000 loc
e | % Stanford University
gi~ M . e using LogiKEy methodolo
With critical theoretical contributions by N " g g _ y gy
Daniel Kirchner .  paradox rediscovered & fixed
Institut fur Math tik : :
Freie Universitit Berlin Sy * derivation of natural numbers
and -
Uri Nodelman
Philosophy Department : : :
Stanford University Latest versions of this theory shifted towards
October 13, 2021 free logic; strongly influenced (& verified) by

computer-experiments

http://mally.stanford.edu/principia.pdf



Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)

Principia Logico-Metaphysica
(Draft/Excerpt)

THE MECHANIZING PRINCIPIA LOGICO-

REVIEW OF

swveoc  METAPHYSICA IN FUNCTIONAL TYPE-
THEORY

Published online by Cambridge University Press: 12 July 2019

Cnret 3y

Edward N. Zalta
. Philosophy Department

DANIEL KIRCHNER, CHRISTOPH BENZMULLER and
Stanford University

EDWARD N. ZALTA Show author details v

With critical theoretical contributions by

Daniel Kirchner
Institut fur Mathematik
Freie Universitat Berlin

and
Uri Nodelman
Philosophy Department
Stanford University

October 13, 2021 Isabelle/HOL Code (~24000 loc):
http://mally.stanford.edu/principia.pdt httpS//g ithub.co m/ekper n/AOT

daniel@ekpyron.org

ARTICLE & Open Access

Computer Science and Metaphysics: A Cross-Fertilization
Open Philosophy

Daniel Kirchner, Christoph Benzmuller, Edward N. Zalta August 23, 2019
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Further Foundational Studies: Topology

(ongoing PhD studies of David Fuenmayor)

ToPOLOGICAL SEMANTICS FOR PARACONSISTENT AND PARACOMPLETE LOGICS Formalising Basic Topology for
Computational Logic in Simple Type Theory

Title: Topological semantics for paraconsistent and David Fuenmayor!-? and Fabian Serrano’
) paracomplete logics

! University of Luxembourg, Esch-sur-Alzette, Luxembourg
2 University of Bamberg, Bamberg, Germany

gztl;l:l'liSSion 5020-12-17 * National University of Colombia, Manizales, Colombia

Author: David Fuenmayor (davfuenmayor /at/ gmail /dot/ com)

Home Abstract:  We introduce a generalized topological semantics for
paraconsistent and paracomplete logics by drawing ] o . -
About upon early works on topological Boolean algebras (cf. Abstract. We present a formalisation of basic topology in simple type theory
works by Kuratowski, Zarycki, McKinsey & Tarski, encoded using the Isabelle/HOL proof assistant. In contrast to related formali

Submission etc.). In particular, this work exemplarily illustrates the sation work, which follows more ‘traditional’ approaches, our work builds upon
Updating shallow semantical embeddings approach (SSE) closure algebras, encoded as Boolean algebras of (characteristic functions of) sets
Entries employing the proof assistant Isabelle/HOL. By featuring an axiomatised closure operator (cf. seminal work by Kuratowski and

_ : means of the SSE technique we can effectively McKinsey & Tarski). With this approach we primarily address students of com-
Using Entries harness theorem provers, model finders and putational logic, for whom we bring a different focus, closer to lattice theory and

: : : . e ) : ; . .
hammers'for reasoning with quantified non-classical logic than to set theory or analysis. This approach has allowed us to better lever-

Search logics

' age the automated tools integrated into Isabelle/HOL (model finder Nitpick and
Statistice @article{Topological Semantics—AFP, [...] Sledgehammer) to do most of the prool and refutation heavy-lifting, thus allowing
Index BRees - S for assumption-minimality and less-verbose interactive proofs.

Download BSD License

Keywords: Closure Algebras - Topology - Simple Type Theory - Isabelle/HOL

https://github.com/davfuenmayor/basic-topology.git




Further Foundational Studies: Ethics

(ongoing PhD studies of David Fuenmayor)

@ Springer Link

] 2
K
PRCLI 2010:

Trends in
Anifclal Imelligence

Deontological ethical theory — PGC by Alan Gewirth

FORMALISATION AND EVALUATION OF ALAN GEWIHTH'S PROOF FOR THE PRlNCIPLE OF

Pacific Rim International Conference on Artificial Intelligence
L> PRICAI 2019: PRICAI 2019: Trends in Artificial Intelligence pp 418-432 | Cite as

Generic Consistency in IsaseLLe/HOL

Title: Formalisation and Evaluation of Alan Gewirth's Proof for
’ the Principle of Generic Consistency in Isabelle/HOL

Harnessing Higher-Order (Meta-)Logic to Represent
and Reason with Complex Ethical Theories

Dawvid Fuenmayor (davfuenmayor /at/ gmail /dot/ com)

Authors: and Christoph Benzmdller

Home Submission

e 2018-10-30

David Fuenmavor &2 & Christoph Benzmuller
1YL B About Abstract: An ambitious ethical theory ---Alan Gewirth's "Principle of

Submission Generic Consistency"--- is encoded and analysed in
Isabelle/HOL. Gewirth's theory has stirred much attention

Updating in philosophy and ethics and has been proposed as a

Entries potential means to bound the impact of artificial general

Using Entries intelligencs.
Search

Normative Reasoning with Expressive Logic Combinations
Authors David Fuenmayor, Christoph Benzmuller

Pages 2903 - 2904

DOI 10.3233/FAIA200445

Change [2019-04-09]: added proof for a stronger variant of the
history: PGC and examplary inferences (revision 88182cb0a2f6)

Statistics BibTeX:

@article{GewirthPGCProof-AFP, [...]
Index

Download License: BSD License

Category Research Article

Series Frontiers in Artificial Intelligence and Applications Our enCOdlng utilises the d¥3d|C d?OI‘IItIC Iog!c
Ebook Volume 325: ECA| 2020 by Carmo and Jones as object logic; in fact, it
uses a rich logic combination.




Conclusion: Successful Application(s) of LogiKEy

Human-Computer
Interaction

Revision (often small changes): ’
Representing object (logical representation)

— | : Modified
Domain-Specific Language(s)/Theorie(s) E eX p e r | m e n tS :
:
Revision:
Argument/Theory ¢=———=———————e Experiment
New Insights E
’ (e.qg. falsification)




Conclusion: Logico-Pluralistic LogiKEy Approach

LogIKEyY successfully applied for
e a wide range of object logics ipplications
* various object logic combinations Domainbpecific Lumw\'/Theoﬁe(s)
» different application domains (with , ,

contribution of new insights) negotiable “Qbject Logic(s)

LogiKEYy in Isabelle/HOL

» good proof automation with
Sledgehammer LogiKEy offers a uniform methodology

e even more valuable is and infrastructure where even object

(counter-)model finding with Nitpick logics and their conbinations become
* very good syntax representations negotiable and objects of study.
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Conclusion: Successful Application(s) of LogiKEy

Human-Computer
Interaction

Representing object (logical representation)

Experiment

.




Conclusion: Successful Application(s) of LogiKEy

.

Representing object (logical representation)

Argument/Theory
e

in-Specific e(s rie(s
Object Logic(s)
Meta-Logic (HOL)

Experiment

.



Conclusion: Maths, Metaphysics & Experimental Sciences

... The difference iIs that the natural scientists base their answers

on observation, experiment, measurement and calculation, while
the metaphysicians base theirs on armchair reflection ...

(Timothy Williamson, Oxford, in an article for the British Academy, 14 Aug 2020)

This seems not completely true anymore.

The differences between metaphysics, maths and
experimental sciences could gradually disappear?

But clearly: Representing Objects, Logic & Symbolic Al are needed.


https://www.thebritishacademy.ac.uk/fellows/timothy-williamson-FBA/

I gead I n g (preprints: http://christoph-benzmueller.de/publications.html)

LogiKEy & Universal (Meta-)Logical Reasoning

 Benzmdller (2019), Universal (meta-)logical reasoning: Recent successes. Sci. Comp. Progr. (http://doi.org/10.1016/

j.sCic0.2018.10.008)

 _ , Parent & van der Torre (2020), Designing normative theories for ethical and legal reasoning: LogiKEy framework,

methodology, and tool support. Artificial Intelligence. (https://doi.org/10.1016/j.artint.2020.103348)

 Benzmiller et.al. (2020), LogiKEy Workbench: Deontic Logics, Logic Combinations and Expressive Ethical and Legal Reasoning

(Isabelle/HOL Dataset). Data in Brief (https://doi.org/10.1016/].dib.2020.106409)
Bibel (2022), Computer Kreiert Wissenschaft. Informatik Spektrum. (https://doi.org/10.1007/s00287-022-01456-1)

Free Logic & Axiomatic Category Theory in Free Logic

Scott (1967), Existence and description in formal logic. Reprinted in: Lambert (1991), Philosophical Application of Free Logic, OUP.
(ISBN 0195061314)

Scott (1977), Identity and existence in intuitionistic logic. Applications of Sheaves, Springer (https://doi.org/10.1007/BFb0061839)
Benzmoiller & Scott (2016), Automating Free Logic in Isabelle/HOL. ICMS 2016 (https://doi.org/10.1007/97/8-3-319-42432-3 6)
__(2018), Axiom systems for category theory in free logic. Archive of Formal Proofs (https://www.isa-afp.org/entries/
AxiomaticCategoryTheory.html)

__(2020), Automating Free Logic in HOL, with an Experimental Application in Category Theory. JAR (http://doi.org/10.1007/
s10817-018-09507-7)

Tiemens, Scott, Benzmiuller & Benda (2020), Computer-supported Exploration of a Categorical Axiomatization of Modeloids.
RAMICS 2020 (https://doi.org/10.1007/978-3-030-43520-2 19)

Makarenko & Benzmuller (2020), Positive Free Higher-Order Logic and its Automation via a Semantical Embedding. Kl 2020
(http://doi.org/10.1007/978-3-030-58285-2 9)

Bayer (2021), Exploring categories, formally. BSc Thesis, Dep. of Maths and CS, FU Berlin.

Gonus (2021), Categorical semantics of Intuitionistic Multiplicative Linear Logic and its formalization in Isabelle/HOL. MSc
Thesis, Dep. of Maths and CS, FU Berlin.



http://doi.org/10.1016/j.scico.2018.10.008
http://doi.org/10.1016/j.scico.2018.10.008
https://doi.org/10.1016/j.artint.2020.103348
https://doi.org/10.1016/j.dib.2020.106409
https://doi.org/10.1007/s00287-022-01456-1
https://doi.org/10.1007/BFb0061839
https://doi.org/10.1007/978-3-319-42432-3_6
https://www.isa-afp.org/entries/AxiomaticCategoryTheory.html
https://www.isa-afp.org/entries/AxiomaticCategoryTheory.html
http://doi.org/10.1007/s10817-018-09507-7
http://doi.org/10.1007/s10817-018-09507-7
https://www.springerprofessional.de/computer-supported-exploration-of-a-categorical-axiomatization-o/17853766
https://doi.org/10.1007/978-3-030-43520-2_19
http://doi.org/10.1007/978-3-030-58285-2_9
http://christoph-benzmueller.de/publications.html

Read i n g (CO nt I d) (preprints: http://christoph-benzmueller.de/publications.html)

Foundational Studies in Metaphysics

e Kirchner, Benzmiuller & Zalta (2019), Computer Science and Metaphysics: A Cross-Fertilization. Open Philosophy (http://doi.org/
10.1515/0pphil-2019-0015)

e _ (2020), Mechanizing Principia Logico-Metaphysica in Functional Type Theory. Review of Symbolic Logic (https://doi.org/
10.1017/S1755020319000297)

* Kirchner (2021). Embedding of Abstract Object Theory in Isabelle/HOL. Full sources. (https://github.com/ekpyron/AOT/tree/
dissertation)

e (2022), Computer-Verified Foundations of Metaphysics and an Ontology of Natural Numbers in Isabelle/HOL. PhD thesis,
Dep. of Maths and CS, FU Berlin.

Foundational Studies in Ethics & Law

* Fuenmayor & Benzmuller (2018), Formalisation and Evaluation of Alan Gewirth's Proof for the Principle of Generic Consistency
in Isabelle/HOL. (https://www.isa-afp.org/entries/GewirthPGCProof.html)

e _ (2019), Harnessing Higher-Order (Meta-)Logic to Represent and Reason with Complex Ethical Theories. PRICAI 2019
(https://doi.org/10.1007/978-3-030-29908-8 34)

 Benzmduller & Fuenmayor (2021), Value-oriented Legal Argumentation in Isabelle/HOL. ITP 2021 (https://doi.org/10.4230/
LIPIcs.ITP.2021.7)

 _, Fuenmayor & Lomfeld (2022), Modelling Value-oriented Legal Reasoning in LogiKEy. (https://arxiv.org/abs/2006.12/789)

Studies on the Ontological Argument
 Benzmduller & Woltzenlogel Paleo (2014), Automating Godel's Ontological Proof of God's Existence with Higher-order Automated
Theorem Provers. ECAI 2014 (http://doi.org/10.3233/978-1-61499-419-0-93)
e _ (2016), The Inconsistency in Godel's Ontological Argument: A Success Story for Al in Metaphysics. |[JCAIl 2016 (http://
www.ijcai.org/Proceedings/16/Papers/137.pdf)
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Read i n g (CO nt I d) (preprints: http://christoph-benzmueller.de/publications.html)

Studies on the Ontological Argument (cont'd)

Benzmouller & Woltzenlogel Paleo (2016), An Object-Logic Explanation for the Inconsistency in Godel's Ontological Theory
(Extended Abstract, Sister Conferences). Kl 2016 (http://doi.org/10.1007/97/8-3-319-46073-4)

_(2017). Computer-Assisted Analysis of the Anderson-Hajek Controversy. Logica Universalis (http://doi.org/10.1007/
s11787-017-0160-9)

Fuenmayor & Benzmdller (2017), Automating Emendations of the Ontological Argument in Intensional Higher-Order Modal
Logic. Kl 2017 (http://doi.org/10.1007/978-3-319-67190-1_9)

__(2018). A Case Study On Computational Hermeneutics: E. J. Lowe's Modal Ontological Argument. [fColLLoG Journal of Logics
and their Applications (https://www.researchgate.net/publication/333804824)

Benzmodller & Fuenmayor (2020), Computer-supported Analysis of Positive Properties, Ultrafilters and Modal Collapse in
Variants of Godel's Ontological Argument. Bulletin of the Section of Logic (http://doi.org/10.18778/0138-0680.2020.08)
Benzmuiller (2020), A (Simplified) Supreme Being Necessarily Exists, says the Computer: Computationally Explored Variants of
Gaodel's Ontological Argument. KR 2020 (https://doi.org/10.24963/kr.2020/80)

__(2022), A Simplified Variant of Godel's Ontological Argument. To appear (https://www.researchgate.net/publication/
358607847)

|Isabelle/HOL.:

* \Website: https://isabelle.in.tum.de

Documentation: https://isabelle.in.tum.de/documentation.html

Nipkow, Paulson & Wenzel (2002), Isabelle/HOL: A Proof Assistant for Higher-Order Logic. Springer (https://doi.org/
10.1007/3-540-45949-9)

Blanchette, Bulwahn & Tobias Nipkow (2011), Automatic Proof and Disproof in Isabelle/HOL. FroCoS 2011 (https://doi.org/
10.1007/978-3-642-24364-6_2)
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