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Strong AI requires at least (own working hypothesis):

1. Problem Solving (in the sense of weak AI)


2. Exploring and Acting in Unknown Territory (e.g. Mars-Rover)


3. Abstract & Rational Reasoning (e.g. exploration of a new theory in maths)


4. Self-Reflection (e.g. detect own mistakes, questioning the results of one's own thinking)


5. Social Interaction (e.g. adjusting personal goals and values to those of a community)

Strong AI: … everything humans can do (and possibly way more)
Weak AI: … solve specific problems
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Wolfgang Bibel

(German AI Pioneer)

Abstract representations: objects of study in AI from the very 
beginning. Bibel calls them Representing Objects (ROBs).


• ROBs are key to symbolic AI 

• ROBs can be experimenented with in the computer

• ROBs thus become physical/accessible (part of nature?)


Symbolic AI & logic in combination with computer 
experimentation on ROBs deserve increased attention as 
experimental (natural?) science.


Examples: mathematical theories, metaphysical theories, legal 
theories, etc., including even their underlying logics

AI & Representing Objects
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AI & Representing Objects





Experiments (Reading):
ECAI 2013, IJCAI & KI 2016, KI 2017


(with Bruno Woltzenlogel-Paleo)

???

…
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AI & Representing Objects



Universal (Meta-)Logical Reasoning



Universal (Meta-)Logical Reasoning

…

developed from


… 



Universal (Meta-)Logical Reasoning
Metaphysics



Universal (Meta-)Logical Reasoning
Metaphysics



Universal (Meta-)Logical Reasoning
Law & Ethics



Universal (Meta-)Logical Reasoning
Category Theory



Universal (Meta-)Logical Reasoning
via Shallow Semantical Embeddings in Higher-Order Logic (HOL)

defining equations are passed to HOL theorem prover(s)











Ontological Argument — Results

Various insights not known before!



Study/Exploration of Foundational Theories

Axiom Systems for Category Theory

… explored in Free Logic … embedded in HOL



Axiomatization of Category Theory in Free Logic
Scott 1967

Scott 1977



Free Logic



Free Logic in HOL

• Free connectives  and  … as in HOL

• Free quantifier  relativized by E

• Free description constrained by E

¬ →
∀

As usual



Free Logic in HOL

• Free connectives  and  … as in HOL

• Free quantifier  relativized by E

• Free description constrained by E

¬ →
∀

As usual









Category Theory 
in Free Logic (in HOL)



















































Results of this study 
Axiom Systems for Category Theory 

• Connection depicted to generalised monoids

• Minimal axiom systems, dependencies

• Consistency, strictness assumptions 

• Mutual relationships explored

Methological Results

• Evidence for LogiKEy methodology 

• High degree of automation: theorem proving & (counter-)model finding

• Required familiarity with Isabelle/HOL still (too) high for non-experts

Obvious Question

• How about digging deeper? 



Further  
Experiments

A modeloid abstracts from a structure 
to the set of its partial automorphisms. 

Using our axiomatisation of category 
theory we develop a generalization of a 
modeloid first to an inverse semigroup 
and then to an inverse category.

Formal framework to study relationship 
between structures of same vocabulary. 

Abstract representation of 
Ehrenfeucht-Fraisse games between 
two structures.

2021

Studies practicability/elegance of 
axiomatic category theory approach.

Studies infinite structures: category 
α-Set of functions between sets (with 
α-type elements); good automation. 

Categ. with products & coproducts; 
some limitations discussed.

Category of categories: proves that 
categories themselves form a 
category with functors as arrows.

jonas.bayer@fu-berlin.de

Focuses on fragment of linear logic: 
intuitionistic multiplicative LL (IMLL); 
further generalisation possible.

Using our axiomatisation of category 
theory an interpretation of IMLL 
formulas and rules in symmetric 
monoidal closed categories is 
presented.

Sound Modeling & Automation: IMLL 
modelled in Axiomatic Category Theory 
modelled in Free Logic modell. in HOL.

gonus.aleksey@gmail.com

lucca@tiemens.de
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Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)


Entire PhD 
thesis was 

written 
directly in 

Isabelle/HOL



Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)


Foundational metaphysical theory (based on 
a hyperintensional relational HO modal logic) 

Formalised & studied in Isabelle/HOL  
• approx. 24000 loc

• using LogiKEy methodology

• paradox rediscovered & fixed

• derivation of natural numbers


Latest versions of this theory shifted towards 
free logic; strongly influenced (& verified) by 
computer-experiments



Isabelle/HOL Code (~24000 loc):

https://github.com/ekpyron/AOT

Further Foundational Studies: Metaphysical Theory

(PhD of Daniel Kirchner, supervised by Ed Zalta and myself)


daniel@ekpyron.org

https://github.com/ekpyron/AOT


https://github.com/davfuenmayor/basic-topology.git

Further Foundational Studies: Topology

(ongoing PhD studies of David Fuenmayor)




Further Foundational Studies: Ethics

(ongoing PhD studies of David Fuenmayor)


Our encoding utilises the dyadic deontic logic 
by Carmo and Jones as object logic; in fact, it 

uses a rich logic combination.

Deontological ethical theory — PGC by Alan Gewirth
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Representing object (logical representation)

Experiment

Conclusion: Successful Application(s) of LogiKEy  

New insights 
(e.g. falsification)

Revision:

Revision (often small changes):

Modified 
experiments:

Human-Computer 
Interaction



Conclusion: Logico-Pluralistic LogiKEy Approach    
  

LogiKEy successfully applied for

• a wide range of object logics

• various object logic combinations

• different application domains (with 

contribution of new insights)


LogiKEy in Isabelle/HOL

• good proof automation with 

Sledgehammer

• even more valuable is 

(counter-)model finding with Nitpick

• very good syntax representations

negotiable

LogiKEy offers a uniform methodology 
and infrastructure where even object 
logics and their conbinations become 
negotiable and objects of study.



Argument/Theory 

Representing object (logical representation)

Experiment

Human-Computer 
Interaction

Conclusion: Successful Application(s) of LogiKEy  



Argument/Theory Experiment

Argument/Theory  

This is not (yet) 
what we are doing!

Representing object (logical representation)
But maybe it's
doable to some
degree?

Conclusion: Successful Application(s) of LogiKEy  



… The difference is that the natural scientists base their answers 
on observation, experiment, measurement and calculation, while 
the metaphysicians base theirs on armchair reflection …

This seems not completely true anymore.


The differences between metaphysics, maths and 

experimental sciences could gradually disappear?


But clearly: Representing Objects, Logic & Symbolic AI are needed.

Conclusion: Maths, Metaphysics & Experimental Sciences

(Timothy Williamson, Oxford, in an article for the British Academy, 14 Aug 2020)

https://www.thebritishacademy.ac.uk/fellows/timothy-williamson-FBA/


Reading              
LogiKEy & Universal (Meta-)Logical Reasoning

• Benzmüller (2019), Universal (meta-)logical reasoning: Recent successes. Sci. Comp. Progr. (http://doi.org/10.1016/

j.scico.2018.10.008)

• __, Parent & van der Torre (2020), Designing normative theories for ethical and legal reasoning: LogiKEy framework, 

methodology, and tool support. Artificial Intelligence. (https://doi.org/10.1016/j.artint.2020.103348)

• Benzmüller et.al. (2020), LogiKEy Workbench: Deontic Logics, Logic Combinations and Expressive Ethical and Legal Reasoning 

(Isabelle/HOL Dataset). Data in Brief (https://doi.org/10.1016/j.dib.2020.106409) 
• Bibel (2022), Computer Kreiert Wissenschaft. Informatik Spektrum. (https://doi.org/10.1007/s00287-022-01456-1)

Free Logic & Axiomatic Category Theory in Free Logic

• Scott (1967), Existence and description in formal logic. Reprinted in: Lambert (1991), Philosophical Application of Free Logic, OUP. 

(ISBN 0195061314)

• Scott (1977), Identity and existence in intuitionistic logic. Applications of Sheaves, Springer (https://doi.org/10.1007/BFb0061839) 

• Benzmüller & Scott (2016), Automating Free Logic in Isabelle/HOL. ICMS 2016 (https://doi.org/10.1007/978-3-319-42432-3_6)

• __ (2018), Axiom systems for category theory in free logic. Archive of Formal Proofs (https://www.isa-afp.org/entries/

AxiomaticCategoryTheory.html)

• __ (2020), Automating Free Logic in HOL, with an Experimental Application in Category Theory. JAR (http://doi.org/10.1007/

s10817-018-09507-7)

• Tiemens, Scott, Benzmüller & Benda (2020), Computer-supported Exploration of a Categorical Axiomatization of Modeloids. 

RAMiCS 2020 (https://doi.org/10.1007/978-3-030-43520-2_19)

• Makarenko & Benzmüller (2020), Positive Free Higher-Order Logic and its Automation via a Semantical Embedding. KI 2020 

(http://doi.org/10.1007/978-3-030-58285-2_9)

• Bayer (2021), Exploring categories, formally. BSc Thesis, Dep. of Maths and CS, FU Berlin. 
• Gonus (2021), Categorical semantics of Intuitionistic Multiplicative Linear Logic and its formalization in Isabelle/HOL. MSc 

Thesis, Dep. of Maths and CS, FU Berlin.

(preprints: http://christoph-benzmueller.de/publications.html)

http://doi.org/10.1016/j.scico.2018.10.008
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https://doi.org/10.1007/978-3-319-42432-3_6
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http://doi.org/10.1007/s10817-018-09507-7
https://www.springerprofessional.de/computer-supported-exploration-of-a-categorical-axiomatization-o/17853766
https://doi.org/10.1007/978-3-030-43520-2_19
http://doi.org/10.1007/978-3-030-58285-2_9
http://christoph-benzmueller.de/publications.html


Foundational Studies in Metaphysics

• Kirchner, Benzmüller & Zalta (2019), Computer Science and Metaphysics: A Cross-Fertilization. Open Philosophy (http://doi.org/

10.1515/opphil-2019-0015) 
• __ (2020), Mechanizing Principia Logico-Metaphysica in Functional Type Theory. Review of Symbolic Logic (https://doi.org/

10.1017/S1755020319000297)

• Kirchner (2021). Embedding of Abstract Object Theory in Isabelle/HOL. Full sources. (https://github.com/ekpyron/AOT/tree/

dissertation)

• __ (2022), Computer-Verified Foundations of Metaphysics and an Ontology of Natural Numbers in Isabelle/HOL. PhD thesis, 

Dep. of Maths and CS, FU Berlin.

Foundational Studies in Ethics & Law

• Fuenmayor & Benzmüller (2018), Formalisation and Evaluation of Alan Gewirth's Proof for the Principle of Generic Consistency 

in Isabelle/HOL. (https://www.isa-afp.org/entries/GewirthPGCProof.html)

• __ (2019), Harnessing Higher-Order (Meta-)Logic to Represent and Reason with Complex Ethical Theories. PRICAI 2019 

(https://doi.org/10.1007/978-3-030-29908-8_34) 
• Benzmüller & Fuenmayor (2021), Value-oriented Legal Argumentation in Isabelle/HOL. ITP 2021 (https://doi.org/10.4230/

LIPIcs.ITP.2021.7)

• __, Fuenmayor & Lomfeld (2022), Modelling Value-oriented Legal Reasoning in LogiKEy. (https://arxiv.org/abs/2006.12789)

Reading (cont'd)             (preprints: http://christoph-benzmueller.de/publications.html)

Studies on the Ontological Argument

• Benzmüller & Woltzenlogel Paleo (2014), Automating Gödel's Ontological Proof of God's Existence with Higher-order Automated 

Theorem Provers. ECAI 2014 (http://doi.org/10.3233/978-1-61499-419-0-93)

• __ (2016), The Inconsistency in Gödel's Ontological Argument: A Success Story for AI in Metaphysics. IJCAI 2016 (http://

www.ijcai.org/Proceedings/16/Papers/137.pdf) 
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Studies on the Ontological Argument (cont'd)

• Benzmüller & Woltzenlogel Paleo (2016), An Object-Logic Explanation for the Inconsistency in Gödel's Ontological Theory 

(Extended Abstract, Sister Conferences). KI 2016 (http://doi.org/10.1007/978-3-319-46073-4)

• __ (2017). Computer-Assisted Analysis of the Anderson-Hájek Controversy. Logica Universalis (http://doi.org/10.1007/

s11787-017-0160-9) 
• Fuenmayor & Benzmüller (2017), Automating Emendations of the Ontological Argument in Intensional Higher-Order Modal 

Logic. KI 2017 (http://doi.org/10.1007/978-3-319-67190-1_9)

• __ (2018). A Case Study On Computational Hermeneutics: E. J. Lowe's Modal Ontological Argument. IfCoLoG Journal of Logics 

and their Applications (https://www.researchgate.net/publication/333804824)

• Benzmüller & Fuenmayor (2020), Computer-supported Analysis of Positive Properties, Ultrafilters and Modal Collapse in 

Variants of Gödel's Ontological Argument. Bulletin of the Section of Logic (http://doi.org/10.18778/0138-0680.2020.08)

• Benzmüller (2020), A (Simplified) Supreme Being Necessarily Exists, says the Computer: Computationally Explored Variants of 

Gödel's Ontological Argument. KR 2020 (https://doi.org/10.24963/kr.2020/80)

• __ (2022), A Simplified Variant of Gödel's Ontological Argument.  To appear (https://www.researchgate.net/publication/

358607847)

Reading (cont'd)             (preprints: http://christoph-benzmueller.de/publications.html)

Isabelle/HOL: 

• Website: https://isabelle.in.tum.de

• Documentation: https://isabelle.in.tum.de/documentation.html 

• Nipkow, Paulson & Wenzel (2002), Isabelle/HOL: A Proof Assistant for Higher-Order Logic. Springer (https://doi.org/

10.1007/3-540-45949-9)

• Blanchette, Bulwahn & Tobias Nipkow (2011), Automatic Proof and Disproof in Isabelle/HOL. FroCoS 2011 (https://doi.org/

10.1007/978-3-642-24364-6_2)


http://doi.org/10.1007/978-3-319-46073-4
https://www.researchgate.net/publication/333804824
https://www.researchgate.net/publication/358607847
https://www.researchgate.net/publication/358607847
http://christoph-benzmueller.de/publications.html
https://isabelle.in.tum.de
https://isabelle.in.tum.de/documentation.html
https://people.mpi-inf.mpg.de/~jblanche/frocos2011-dis-proof.pdf
https://books.google.com/books?id=TT18o_HohVwC&dq=
https://doi.org/10.1007/978-3-642-24364-6_2
https://doi.org/10.1007/978-3-642-24364-6_2

