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Some computer proof landmarks

1976 — The four color theorem %
1997 — The Robbins conjecture (Otter) %

Kepler Conjecture

2002 — Compendium of continuous’lattices (Mizar)
2005 - Four color theorem (Coq)

Homotopy Type Theory (Coq, Agda) *
2014 - Flyspeck (Hol Light)
2016 — Pythagorean Triple Conjecture (SAT) %

2020 - Perfectoid spaces (Lean)
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A personal journey

1994: The Caml Garbage Collector

2004: The Four-Color Theorem

2012: The Odd Order Theorem
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The granddad of computer proofs
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Gonthier & Werner
2004

e granddad of computer proofs
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The whole proof

Find a set of configurations such that:

(A) unavoidability: At&@sia&?é appears in any planar
map. 0.0 5eS

(B) reducibility: Eacrbgne(&ﬁ’%e coloured to match any

planar ring co\ogﬂﬂg
Verify that the combinatorics fit the topology (graph theory

+ analysis).



Crafting map descriptions

Euler: #edge + #node + #face = #dart + 2 *

graph

hypermap

invent
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Proof by folklore

(3.3) Let K be a configuration appearing in a triangulation T, and let S be
the free completion of K. Then there is a projection ¢ of S into T such
that ¢ (x) = x for all x € V(G(K)) L E(G(K)) U F(G(K)).

This is a "folklore” theorem, and we omit its [lengthy] proof...

Definition phi x :=
if ac x then h x else
if ac (edge x) then edge (h (edge x)) else
if ac (node x) then face (edge (h (node x))) else
edge (node (node (h (node (edge x))))).

lrezia—
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Size matters

O ©

Theorem planar Jordan G : planar G -> Jordan G.

Proof.

move: {-1}_.+1 (1tnSn #|G|) => m; elim: m G => // m IHm G leGm planarG [//]].
have{leGm} 1ltG'm z: #|@WalkupE G z| < m by rewrite -card_S_Walkup.

nave IHe z := IHm (WalkupE z) (1tG'm z) (planar WalkupE z planarG).

nave IHn z := IHm (WalkupN z) (1tG'm z) (planar_ WalkupN z planarG).

nave injG z : injective (val : WalkupE z -> G) := val_inj.

fpose ofG (z x : G) : x '= z -> WalkupE z := Sub x.

have uniqgG z := map_inj_uniq (injG z); have mem2G z := mem2 map (injG z).

nave clink eq := sameP clinkP pred2P.

pose map cpath £ x p := {g | (f g.1, map £ g.2) = (x : G, p) & cpath gq.1 g.2}.
pose 1lift cpath z H £ x p = z \notin x :: p -> cpath x p -> map cpath H £ x p.
nave 1iftE z x p: 1lift_cpath z (WalkupE z) val X p.

rewrite /lift_cpath -has_predl /= => /norP[z'x]; pose u := ofG z x z'x.

elim: p => [|ly p IHp] /= in x z2'x u *; by exists (u, nil).

case/norP=> z'y _ /andP[xCy /IHp[]// [v q] /= [Dv Dq] vCq].

exists (u, v :: q); rewrite /= 2clink eq -?val_eqE /= Dv 2?Dq //.

by have [<- | =>] := clinkP xCy; rewrite (negPf z'x, negPf z'y) egxx 2orbT.
nave 1iftN z x p: face z \notin p -> 1ift_cpath z (WalkupN z) val x p.

rewrite /lift_cpath -l!has predl /= => fz'p /norP[z'x]; pose u := ofG z x z'X.
move: fz'p; elim: p => [|ly p IHp] /= in X z'x u *; by exists (u, nil).
case/norP=> fz'y _ /norP[z'y _] /andP[xCy /IHp[]// [v q] /= [Dv Dg] vCq].
exists (u, v :: q); rewrite /= 2clink eq -?val_eqE /= Dv 2?Dq //.

rewrite (canF_eq (canF_sym faceK)) (negPf fz'y).

have [<- | ->] := clinkP xCy; by rewrite orbC ifN ?eqgxx.

by rewrite (negPf z'x) if same egxx.

nave 1iftF z x p: face (edge z) \notin p -> 1ift_cpath z (WalkupF z) val x p.
rewrite /lift_cpath -lhas predl /= => fez'p /norP[z'x]; pose u := 0fG z x z'x.
move: fez'p; elim: p => [|y p IHp] /= in x z'x u *; by exists (u, nil).
case/norP=> fez'y _ /norP[z'y _] /andP[xCy /IEp([]// [v q] /= [Dv Dq] vCq].
exists (u, v :: q); rewrite /= 2clink eq -?val_eqE /= Dv 2?Dq //.

rewrite ! (canF eq nodeK) ifN eq //.

m* Despite the larger number of cases, this proof is 15% shorter than the one ¥)

(* reling on the general transforms, because in each case we only need to *)
(* a single subpath to the Walkup map, and we have extra facts on x, y and z ¥)
(* that simplify the proof. In particular we only handle the #|G| = 3 case *)
H* between steps 5) and 6), where most of G is known. *)

nave{m IHm 1tG'm} IHf z := IHm (WalkupF z) (1tG'm z) (planar_ WalkupF z planarG).
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117 lines

move=> x p; have [t Lp]: {t | last x p = node t} := exist _ _ (esym (edgeK _))
apply/and3P; rewrite Lp (finv_f nodeI) => -[/=/andP[p'x Up] xCp ptnx].
have /predT subset-sGp: G \subset x :: p.
apply/subsetPn=> -[z _ p'z]; have /1iftE[//| [u q] /= [Du Dq] uCq] := p'z.
have z't: t != z by rewrite (memPn p'z) // mem behead ?(mem2l ptnx) .
have Lq: last u g = node (ofG z t z't).

case/and3P: (IHe z (u :: q)); rewrite Lq (finv_f nodeI) -mem2G -uniqG /= Dq.
by rewrite Du p'x ifN // (memPn p'z) // mem behead ? (mem2r ptnx) .
have oG: #|G| = (size p).+l by rewrite -(eq_card sGp) (card uniqP _) //= p'x.
case: p Up xCp => //=y p /andP[p'y Up] /andP[xCy yCp] in ptnx p'x Lp sGp oG *.
have x'y: y != x by rewrite (memPn p'x) ?mem head.
have x't: t !'= x by rewrite (memPn p'x) ?(mem2l ptnx).
have x'nt: node t !'= x by rewrite -Lp (memPn p'x) ?mem last.
case: p => [|z p] /= in ptnx p'x p'y Up yCp Lp sGp oG *.
by rewrite mem2 seql Lp (inj_eq nodeI) andbC eq sym (negPf x't) in ptnx.
have y'nt: node t !'= y by rewrite -Lp (memPn p'y) ?mem last.
have{xCy} Dfx: face x = y.
case/clinkP: xCy => // Dny; have /1iftE[//| [u q] /= [Du Dq] uCq] := p'x.
have Lq: finv node (last u q) = ofG x t x't.
by apply/(canLR (finv_f nodeI))/injG; rewrite -last map /= Du Dq /= ifN.

by rewrite mem2 cons ifN // -(inj_eq nodel) -Dny eq sym in ptnx.
have{yCp Up} [[yCz zCp] [p'z Upl] := (andP yCp, andP Up).
move: ptnx p'x; rewrite !inE 'negb_or mem2 cons => ptnx /and3P[y'x z'x p'x].
have z'y: y != z by rewrite (memPnC p'y) ?mem head.
have{yCz} Dfy: face y = z.
case/clinkP: yCz => // Dnz; pose u : WalkupN y := ofG y x y'x.
have /1iftF[|//| [v q] /= [Dv Dq] vCq] := p'y; first by rewrite Dnz nodeK.
have Lq: finv node (last v q) = insubd v t.
apply/(canLR (finv_f nodeI))/injG; rewrite -last map Dq /= val_insubd /= Dv
by rewrite Lp; case: (t =P y) => [-> | _]; rewrite /= -?Dnz ?eqxx ?ifN.
case/and3P: (IHf y (u :: v :: q)); rewrite Lqg -mem2G -uniqG /= val insubd Dq.
rewrite vCq clink eq -!val_egE /= Dv Dnz nodeK ! (inj_eq nodeI) -Dnz egxx.
rewrite -Dfx (inj_eq faceI) Dfx (negPf x'y) (negPf z'x) (negPf z'y) 'egxx.
move: ptnx; rewrite orbT !'negb or p'x p'z inE Dnz (inj_eq nodeI) (negPf z'x).
by rewrite eq _sym; case: ifP; rewrite // mem2_cons egxx.
have Dt: t = y.
have /1iftE[//| [v q] /= [Dv Dq] vCq] :=p'y.
apply: contraNeq (IHe y (0fG y x y'x :: v :: q)) => y't; apply/and3P.
have ->: finv node (last vq) =ofGy t y't.
by apply/(canLR (finv_f nodeI))/injG; rewrite -last map /= Dv Dq /= ifN.

by apply/injG; rewrite -last map /= Du Dq /= -Lp ifN ?(memPn p'z) ?mem last.

case/and3P: (IHe x (u :: q)); rewrite Lg -mem2G -uniqG /= Du Dg -Dny egxx p'y.

rewrite -mem2G -uniqgG /= clink eq orbC -val_eqE /= Dv Dq Dfx Dfy 'egxx /=.
split=> //; first by rewrite negb or z'x p'x p'z.
by rewrite ifN eqC // in ptnx; rewrite ifN // (memPn p'y) ?(mem2r ptnx) .
move: ptnx Lp x'nt y'nt; rewrite {t x't}Dt egqxx /= => p nx Lp x'ny y'ny.
have{p_nx} Dnx: node x =y.
have /1iftN[|//| [v q] /= [Dv Dq] vCq] := p'y; first by rewrite Dfy.
apply: contraNeq (IHn y (0ofG y x y'x :: v :: q)) => y'nx; apply/and3P.
have ->: finv node (last v q) = v.
apply/(canLR (finv_f nodeI))/injG; rewrite /= -last map Dv Dq ifN //.
by rewrite -Dfy faceK Dfy eqgxx.
rewrite -mem2G -uniqG /= clink eq -!'val eqE /= Dv Dq negb or z'x p'x p'z.
rewrite (negPf y'ny) vCq -Dfy faceK Dfy Dfx 'egxx orbT; split=> //.
rewrite -(inj_eq faceI) nodeK Dfy !ifN // mem2 cons egxx /=.
by rewrite inE (negPf y'nx) /= in p nx.
rewrite inE negb_or z'y /= in p'y.
case: p zCp => /= [_ | tp /andP[zCt tCpl] in p'x p'y p'z Up Lp sGp oG *.
case/idPn: planarG; rewrite -1tOn half gt0 ltn subRL -addnA /Euler lhs {}oG.
have oGl f: injective £ -> £ x =y /\ fy=2z -> f z = x /\ fcard £ G = 1.
move=> injf [Dy Dz]; rewrite -Dy -Dz in sGp; split.
by have/predUlP[|/norP[]] := sGp (f z); rewrite ?orbF ?inj_eq ?(eq_sym z).
rewrite // -(n_comp_connect (fconnect sym injf) x).
apply/esym/eq n comp _r => t; have:= sGp t; rewrite 'inE -Dy.
by case/or3P=> /eqP->; rewrite -?same_fconnectl r ?connectO.
have [[//|Dfz ->] [//|Dnz ->]]:= (oGl _ faceI, oGl _ nodeI).
have [|_ ->] := oGl _ edgeIl; first by rewrite -Dnz -{2}Dnx -Dfz -Dfy !faceK.
by rewrite !'addnS [n_comp _ G] (cardDl (root glink x)) inE (roots root glinkC).
have z'ny: node y !'= z by rewrite -Lp (memPn p'z) ?mem last.
have{zCt} Dnt: node t = z.
case/clinkP: zCt => // Dfz; have /1liftE[//| [w q] /= [Dw Dq] wCq] := p'z.
have /and3P[] := IHe z [:: ofG z x z'x, ofG z y z'y, W & q].
rewrite mem2 cons -uniqG -(canF _eq (finv_f nodeI)) /= !clink eq -!val egE /=.
rewrite -last map Dw Dg wCq Lp Dfx Dfy Dfz (negPf z'y) 'egxx !orbT.
split=> //; first by rewrite negb or y'x p'x p'y.
by rewrite (negPf z'ny) egxx /= !inE -val eqE /= Dnx (negPf z'y) egxx.
have /1iftF[|//| [w q] /= [Dw Dq] wCq] := p'z.
by rewrite -Dnt nodeK; case/andP: Up.
have /and3P[] := IHf z [:: ofG z x z'x, ofG z y z'y, w & q].
rewrite mem2 cons -uniqG -(canF_eq (finv_f nodeI)) /= !clink eq -!val egE /=.
rewrite (negPf z'ny) -last map Dw Dg Lp egxx inE negb or y'x p'x p'y Up wCq.
split=> //; last by rewrite inE -val eqE /= Dnx (negPf z'y) eqgxx.
rewrite Dfx (negPf z'ny) -Dfy (inj_eq faceI) Dfy -Dnt ! (inj_eq nodeI) nodeK Dnt.
by rewrite (eq_sym z) (negPf z'y) 'egxx ifN ?egxx 2orbT //; case/norP: p'z.
Qed.




Size matters

6080
6081 (* THE COMBINATORIAL JORDAN CURVE THEOREM *)
6082
6083 et TemmalIPYTUI = prove(
6084 I(H (A)hypermap). planar_hypermap H ==> ~(?(p:num->A) k:num. is_Moebius_contour H p k),
6085 GEN_T,
6086 THEN ABBREV_TAC 'n = CARD (dart (H:(A)hypermap))"
6087 THEN POP_ASSUM MP_TAC
6088 THEN REWRITE. TAC[IMP MP]
6089 THEN SPEC_TAC ( H:(A)hypermap', “H:(A)hypermap")
6090 THEN SPEC_TAC ( n:inum’, “n:num)
6091 THEN INDUCT_TAC
6092 THENL [REPEAT STRIP_TAC
6093 THEN POP_ASSUM (MP_TAC o CONJUNCT2 o CONJUNCT2 o MATCH_MP lemma_darts_on_Moebius_contour)
6094 THEN DISCH_THEN (MP_TAC o MATCH_MP (ARITH_RULE "SUC (k:num) <= 1:num ==» ~(1 = 0)))
6095 THEN ASM_REWRITE_TAC[]; ALL_TAC]
6096 THEN POP_ASSUM (LABEL_TAC "FI")
6097 THEN GEN_TAC
6098 Ti CONJUNCTS_THEN2 (LABEL_TAC "F1") (LABEL_TAC "F2"
6099
6100
6101
6102
6103
6104
| 600+ li
+ lines proo
6107
6108
6109
6110 o Q
+ lines technical lemmas for th2 22
6112
6113
6114
6115
6116
6117 THEN POP_ASSUM _TAC[MATCH_MP'
6118 THEN REWRITE _TAC [CONTRAPOS_
6119 THEN STRIP_
6120 THEN EXISTS. TAC ‘pinum->A’ THEN EXISTS_TAC ‘k:n
6121 THEN POP_ASSUM (fun th -» REWRITE_TAC[th]); ALL. TA(]
6122 THEN POP_ASSUM MP_TAC
6123 THEN REWRITE_TAC[]
6124 THEN USE_THEN "F3" MP_TAC
6125 THEN REWRITE_TAC[is_Moebius_contour]
6126 THEN DISCH_THEN (CONJUNCTS THEN2 (LABEL TAC "F7") (LABEL_TAC "F8"))
6127 THEN USE_THEN "F7" MP.
6128 THEN REWRITE. TAC[TemmaLdef inj_contour]
6129 THEN DISCH_THEN (CONJUNCTS_THEN2 (LABEL_TAC "F9") (LABEL_TAC "F10"))
6130 THEN DISCH_THEN (LABEL_TAC "F11")
6131 THEN REMOVE_THEN "F8" (X_CHOOSE_THEN 'm:num’ (X_CHOOSE_THEN 't:num’ (CONJUNCTS_THEN2 (LABEL_TAC "F12") (CONJUNCTS_THEN2 (LABEL_TAC "F14") (CONJUNCTS_THEN2 (LABEL_TAC "F15") (CONJUNC]
6132 THEN USE_THEN "F9" MP_TAC
6133 THEN REWRITE_TAC[lemma_def_contour]
6134 THEN DISCH_THEN (LABEL_TAC "F17")
6135 THEN ASM_CASES_TAC 'm:num < t:nu
6136 THENL[POP_ASSUM (fun th -» (LABEL TAC "G1" (MATCH_MP (ARITH_RULE 'minum < tinum ==> SUC m <= t') th)))
6137 THEN USE_THEN "F17" (MP TAC o SPEC "m:num’)
6138 THEN USE_THEN "F14" n thl -> (USE_THEN "F15" (fun th2 -> (LABEL_TAC "G2" (MP (ARITH_RULE 'm:num <= t:num /\ t < kinum ==> m < k') (CONJ thi th2))))))
6139 THEN USE_THEN "G2" (fun th -» REWRITE_TAC[th])
6140 THEN REWRITE_TAC[one_step_contour]
6141 THEN STRIP_TAC
6142 THENL[POP_ASSUM (fun th -> (LABEL_TAC "G3" th THEN MP_TAC th))
6143 THEN REWRITE TACTADD1l
—
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The Finite Group Challenge

The Classification of
Finite Simple Groups

Frobenius groups 0Odd Order
Thompson factorisation

character theory
linear representation
Galois theory
linear algebra
polynomials

Sylow theorems

canonical

isomorphisms

VA

G| odd

G simple
G=F,

v d
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The Odd Order Theorem

Theorem (Feit & Thompson, 1963):

All finite groups of odd order are solvable.

Proof. — 255 pages, 50 years
Proofread. — 240 pages, 20 years

Theorem Feit_Thompson (gT : finGroupType) (G : {group gT}) :

odd #|6G| -> solvable 6.
Definitions. — 54 LOC
Proof. — 45,000 LOC, 2 years (+ 4 for the library)

lreeia—

inventors for the digital world



The Feit-Thompson proof

All finite groups of odd order are solvable.
Proof : Let G be a minimal counter-example ...

Local Analysis Character Theory

Sylow: if pn | |G| then
|S| = p" forsome S< G

[\

Frobenius: SCH X V = M, Theory

V regular on H = M
/ \

M maxier}J/of

Frobenius type

S S kernel M
r(MnL) < 2
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The Feit-Thompson proof

All finite groups of odd order are solvable.
Proof : Let G be a minimal counter-example ...

Local Analysis

Character Theory

X character: x(g) = tr Z(g)
for some E : G > My(C)

/[ \

M; maximal Frobenius,
Mi #M;, Ki kernel of M;

/ \

characters form a
normed space

Galois
Theory

2(Ix(go)lz = 1) < |G| (KM=l lI2)

impossible

lreeia—
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The Feit-Thompson proof

All finite groups of odd order are solvable.
Proof : Let G be a minimal counter-example ...

Local Analysis Character Theory

Pe Fpa[X]
d°(P)=q, P (Fp)=0
Galois
Theory

S € Sylp(G)
M = Ng(S)
M maximal of
Frobenius type
S S kernel M
r(MnL) < 2

(Fpa, +) X U(Fpa, *) X Gal(Fpa/ Fp) < G
and symmetrically P<Q,g<p

v d
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A mathematical library shelf

London Mathematical Society
Lecture Note Series

CAMBRIDGE UNIVERSITY PRESS

uwmms'/uamlx XIn

901 AVS

2
=
=
=
w
—
==
=
)
=
—
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A mathematical library shelf

g —

oo e = Feit Thompson

= components

4 colour
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A mathematical library shelf

finset

b

inomia

prime

perm

quotient

automorphism

morphism < |

ibrary fngroup

This file defines the main intesface for finita
b tteactusa fo- finita Types with 3 geoep lae.

igetup GT1 — Typs of geoups with alemanta of
foe finize typas with 3 menatd lae
222 30 tovetusive ansimesphians P

opasationa.
Rasarizceouiypa, bom —cha|DasaFiageonita Stenciese Dulic

e
H+C— ixy | x\in % y\ia G-
EEEEEa =
SEh= ha geoup of 211 x : g7 (:n Growp_acope) .
ox gzeup

<> G — tna ',nulunn(llnus).
@~ 1% — ha Join oF £ B« (geeup 471 (eaeraceinia,
1destical to (G <> K)SG).

/,
7% 7.

inventors for the digital world




A mathematical library shelf

Notation "\prod (i < n ) E" := - Section Lagrange.

(\big[joinG/1%G] (i < n) F%G) : Group scope. -
Notation "\prod (i 'in' A | P ) F" :=

(\big[joinG/1%G]_(i in A | P%B) F%G) : Group_scope. Variable gT : finGroupType.
Notation "\prod (i 'in' A ) F" := ..

(\big[joinG/1%G] (i in A) F%G) : Group_ scope. Implicit Types G H K : {group gT}.

Section Lagrange.
Lemma LagrangeI G H : (#|G :&: H| * #|G : H|)%N = #[G]|.

Proof.
rewrite -[#|G|]suml card (partition big imset (rcoset H)) /=.

Variable gT : finGroupType.
Implicit Types G H K : {group gT}.

Ler L I GH : (#|G :a: H| x #|G : H|)%N = #|G]|. . .

e hagrangs ¢ L ) ©l rewrite mulnC -sum nat const; apply: eq bigr => _ /rcosetsP[x Gx ->].
Lemma divgI G H : #|G| %/ #|G :&: H| = #IG : H]. rewrite -(card rcoset _ x) -suml card; apply: eq bigl =>y.
Lemma divg index G H : #|G| %/ #IG : H| = #|G :&: HJ. rewrite rcosetE eqEcard mulGS !card rcoset leqnn andbT.
Lemma dvdn indexg G H : #1G : H| %| #/G|. by rewrite group modr sublset // inE.

ed.

Theorem Lagrange G H : H \subset G - (#|H| x #|G : H|)%N = #|G Q
Lemma cardSg G H : H \subset G - #|H| %| #|G]|. Lemma divgI ¢ H : #|G| %/ #16 :&: H| = #|6 : H|.
Lemma lognSg p G H : G \subset H — logn p #|G| < logn p #|H|. | Proof. by rewrite -(LagrangeI G H) mulKn ?cardG gt0. Qed.

Lemma piSg G H : G \subset H - {subset \pi(gval G) < \pi(gval
Lemma divg index G H : #|G| %/ #|6 : H| = #|6 :&: H|.

Ler di S GH : H ubset G FIG] 2 #|/H| = #|G : H|. -
e v \subset G ~ #1G| ¥/ #|H| = #| | Proof. by rewrite -(LagrangeI G H) mulnK. Qed.
Lemma divg_indexS G H : H \subset G - #|G| %/ #IG : H| = #|H]|.
Lemma coprimeSg G H p : H \subset G — coprime #|G| p — coprime] Lemma dvdn indexg GH: #l6 : H| %| #l6].
Lemma coprimegS G H p : H \subset G —» coprime p #|G| - coprime Proof. by rewrite -(LagrangeI G H) dVdn_mull‘ Qed.

Lemna indexJg G H x : #[G 7 x : H " x| = #I6 : HI. Theorem Lagrange G H : H \subset G -> (¥|H| * #|G : H|)%N = #|6].

Lemma indexgg G : #|G : G| = 1%N. Proof. by move/setIidPr=> sHG; rewrite -{1}sHG LagrangeI. Qed.
—
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Textbook vs. digital formal text

Theorem 14.7. Suppose M € .#» and K is a Hall k(M )-subgroup of M.
Let K* =Cpm, (K), k= |K|,k* = |K*|,Z = KxK*,and Z = Z—-(KUK™*).
Then, for some other M* € .#» not conjugate to M,
(a) A(Cg(X)) ={M*} for every X € £1(K),
(b) K* is a Hall x(M*)-subgroup of M* and a Hall o(M)-subgroup of
M*, ¥ = K (¥
(c) K =Cpm<(K*) and k(M) = (M),
(d) Z is cyclic and for every z € K* and y € K*¥, MO M* =2Z =
Cm(z) = Cpm-(y) = Celzy),  _ R
(e) Z is a TI-subset of G with Ng(Z) = Z, Z N M9 empty for all
g€ G- M, and

J ~ 1 1
L o ) 161> 316l

(f) M or M* lies in # o, and, accordingly, K or K* has prime order,
(g) every H € .#» is conjugate to M or M* in G, and
(h) M'isa com?lement of K in M.

Nsvme

v d
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Textbook vs. digital formal text

Theorem Ptype_embedding M K :
M \in ‘M_'P -> \kappa(M).-Hall(M) K ->
exists2 Mstar, Mstar \in '"M_'P /\ gval Mstar \notin M :": 6
& let Kstar := 'C_(M" _\sigma)(K) in
let Z := K <*> Kstar in let Zhat := Z :\: (K :|: Kstar) in
[/\ (*a*) {in 'E~1(K), forall X, ‘M('C(X)) = [set Mstar]},
(*b*) \kappa(Mstar).-Hall(Mstar) Kstar /\ \sigma(M).-Hall(Mstar) Kstar,
(*c*) 'C_(Mstar’ _\sigma)(Kstar) = K /\ \kappa(M) =i \taul(M),
(*d*) [/\ cyclic Z, M :&: Mstar = Z,
{in K*#, forall x, 'C_M[x] = Z}, {in Kstar"#, forall y, 'C_Mstar[y] = Z}
& {in K*# & Kstar™#, forall x y, 'C[x * y] = Z}]
& [/\ (*e*) [/\ trivIset (Zhat :*: 6), 'N(Zhat) = Z,
{in ~: M, forall g, [disjoint Zhat & M :” g}
& (#16|%:R / 2%:R < #|class_support Zhat G| %:R :> gqnum)%R ],
(*f*) M \in ‘M_'P2 /\ prime #|K| \/ Mstar \in 'M_'P2 /\ prime #|Kstar|,
(*g*) {in '"M_'P, forall H, gval H \in M :": G :|: Mstar :": G}
& (*h*) M™" (1) ><| K = M]].

v d
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extbook vs. digital formal tex

Let K; be a Hall x(M;)-subgroup of M; that contains X* and define
K? = Cu,, (K:). By Proposition 14.2(b),
N (X°) = Ki x K},
and it follows that X; C l\" and K C K; x K;.
Since we could have chasen K; subject to l\ C K;, we know K* lies in
Ny (X*). Thus K x K* C K;x K. Similarly, h (M, Ky, X*, M, K, X,)

in place of (M, K, X(.M.J\.,X) we have K; x K} C K x K* because
M 2 Ng(X*) above. Thus

Z=KxK*'=K;x K.

Now let My = M, Ko = K, and K3 = K*. By Proposition 14.2(c),
applied to each M; (i = 0,1,...,n), ¢

KiNKj=1fori#j.
Since K7 is a Hall subgroup of Z and each X € £'(Z) lies in some K,
ZaKyxKix...x K3

and

K=[[x; (=01,..,n).
i
Furthermore, K7 is a Hall o(M;)-subgroup of Z, the subgroups M; are
pairwise not conjugate in G, and, for every element z € Z, the factorization
z = [[i_o =i with z; € K} is the o-decomposition of z.
Define

"
r=z—UK:

and note that t € Z lies in T if and only if z = yy’ with y € K;* and
v’e K} for some index i. Therefore, by Lemma 14.6,

=

TnHisemplyforcuhHeﬁ

In particular, €5 (T') is disjoint from each of the sets G’q(M ).

Suppose t € T, g € G, and t? € Z. With y and ' as above, ¥ € K7
and y* € K;* because Z = K; x K{ and the orders of K; and K} are
relatively prime. Therefore, by Proposition 14.2(d), g € K; x K;.

This proves that T is a T/-subset of G w:lh Ng(T) = Z. Consequently,
with ki = |K;|, kf = |K;|, and z = |2| =

|€6(T)| = |T||G : No(T)| = |T||G : Z|

- (x+n—ik,~') 16:2|= (ug-gl)w[.

=0

Suppose all the M; lie in ., , which means that K; always complemenzu
Mj, in M;. Then, by Lemma 14.5, v ) m

I¥a( = (Mol = 01G < i
1
%)l

- (&~ )=

and the sets ¥o(/M;) are pairwise disjoint. Now

1G*| 2 |€6(T)| + 3 1€6(M)]
=
n 1 n+1 -1
2(1+;—ZF)IGI—TIGI+(§E)IGI
(1 " w) 161> 1G],

and this contradiction proves that some M; is of type ;. .
For M; of type 2, by Proposition 14.2(g), K = [I; K; has prime
order and M;, is nilpotent. Therefore K; = K7 for j # i, and n = 1.
Furthermore, Z = K; x K{ = Kj x K is cyclic because K{ C M, and
7(K3) = r(K;) = 1. R
For our TI-subset T' we now have T'= Z — (KUK"*) = Z and

16a(T)| = (1-%-—+ )IGI

=("£'l kk-)'G' (
2(1-3) (1-3) 191= 01> Jiel

Furthermore, Proposijion 14.3(d) implies that 21 M is empty for all
gEG-M.

Suppose H € . Let L be a Hall x(H)-subgroup of H, L* = Cy, (L),
and § = L x L* — (LU L*). Then we also have

14a(5)] > 316,

and it follows that € (T") N €:(S) is not empty. g

‘We want to prove that H is conjugate to Mo or M, in G, and for this
we can assume that T'N S is not empty. Then L*N K} # 1 far some i, and,
by Proposition 14.2(c), Y € £'(L* N K7) satisfies  * E

{H} = #(Co(Y)) = {M:},

s desired.

V4
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Textbook vs. digital formal text

[E4 emacs@MSRC-GONTHIER o @[ =]
File Edit Options Buffers Tools Coq Proof-General ~Help

Proot. ~ 1 subgoal =
pose 1sKi Ke M K i= (68 M \in "M 'P, \kappa () .-Hall(¥) X & Ks \subset 1.

move: M K; have Pmax_sym M K X (Ks (" _\sigma) (X)) > Ks) Mi : o7 messimpleotatonsTive

M \in 'M_'P -> \kappa () .-Hall () K > X \in 'E*1(K) TMN(X) ->
[/\ z \:ubs:c Mi, gval Mi \motin M : exists Ki, isKi Ks Mi Ki [es xq \-' 'M 'P, (\kappa(M)).-Hall(¥) K & Ks \subset K]
(in 'E"1(Ks), forall Xs, Z \subset -n I Mi(gval Xs)}]. :

t gT} -> (gzcmp T} -> {group gT} -> bool
£

_ max] [maxii smcm.l] (setIdP Pmax¥, secIdP maxNi).

[defNK defNX] [ntKs uniqCKs] _ _] := PType_: scruccux‘e Pmaxi hallK.

~/Ks in defK ntks TEEETp 5 (Ao G0 dprodP defNK,
N M(EK) = ite “mulKKs -cent, 1omz

have sZMi: Z \suhsa: Hi.

by x e -defz; nave [<- _] rewrite sevIC sublset 2sNXMi.
ave [sKMi sKsMi] := joing subP
X041 s [_ ->] := defNX X EIX. [/\ z \subse\: Mi, Mi \notin M :%: G,
© sHiX: \signa (4i).-group X := pgroupS Sfis (pcore pgrowp _ ). X : {group T}, isKi Ks Mi Ki
nave [sXK abelX dimX] := pnElemP EqX. ciall Xs : group_type oT, Z \subset 'N_Mi(Xs)}]

=S rank_gt0 p_rank abelem 2dimX.
have notMGMi: gval Mi \novin M 1ne

apply: contral (pnatPpi sMiX pquJ, case/imsetP=> a _ - e sigmad.
a a_sigma' (pnatPpi (pHall pgroup hallk) (piSg sXK piXq)).
have kMiKs: \kappa (Mi).-group K:
poroup=> p p_pr /Cauchy(] // xs Ks_xs oxs.

(\kappa (H)) .~Hall () & ->
le 'C_(M'_\sigma) (K

$1c1ass_supporc (2

exists2 Mstar : {group oT}

Mstar \in 'M_'P /\ Mstar \notin M :": G &

[\ {in 'EM(R), X, 'M('C(X)) = [set Mstaz]},
(\kappa (Mstar)) .-Hall (Mstar) Ks /\ \sigma(M).-Hall (Mstar) Xs,
*C_(ustar®_\sigma) =& N\ \kappa(l‘ﬂ =i \taul(u),

[/\ oyelic z, M ig: Mstar
'C Mix] =2},

v, 'CMstarly] =
& {in K*% & K™, o

& U\ N rorneds @

Ks)) G| < TG ->

s: Xs *E_p*1(Ks) by rew
have sMi'Xs: \sigma(Mi)"'.-group
rewrite /pgroup /= -orderE oxs pnatE //=.
apply: contraFN (sigma partition maxM maxMi notMGMi p) => /= sMi p.
ze inE /= sMi_p -pnatE // -oxs andbT.
g0 00D (D (e
C(Xs)) = [set M] by apply
trivgPn _ (nl:_pn.EJm EqX 1sT).
(Mi°_\sigma)“§ by rewrite !inE ntx (subsetP sXMis).
("C_Mi[x])"#.
rewrite 2!inE -order gtl oxs prime gtl // inE -lcycle_subG.
(subset_trans sXsKs) //= sub_centl (subsetP _ x Xx) //.
e centsC (centSS sXsKs SXK).
nave{sMi'Xs} [I[_ _]] := pi_of_cent_sigma maxMi Mis_x CMix_xs sMi'Xs. W
by case: < /p_elt oxs pnatl
:ase/mem_unxq_mma => _ sCxaMi; case/negP: nocMGM.
v e —(eq_uniq mmax unigM maxii) 2orbit_refl //= cent_cycle

inE sXeXe —oxs

_ ) (pcore pgroup _ ).
unj ply/nElemP; e:

v, 'Clx * y] = 2}]
: Ks)) G 2,
g:aT,
{disjoint Z :
& (FIGI%:R / 2%:R <
#lclass_support (x
M \in 'M_'P2 /\ prime :\K\ \/
Mstar \in 'M_'B2 /\ prime #|Xsl|,
e, H\in
(1)7><1

¥s) & M 1% gl}

Ks)) GI%:R)3R],

Mstar :%: G}

M : {group g
-partG_eql -(card Hall hallXi) -trivg_cardl. ¥ : tgzou oT)
i : M \in 'M_'P

(\kappa (M) ) .-Hall (M) X
'C_(°_\sigma) (X) : {sec oT}

K <> K3 om

: #|class_supporc (2
\ M

b
te -{1}[Ks] (setTidPr sKaKn “Erent aetTaE o /JE(IdPlElxa sXsKs] .
_ ElXs; rewrite join_subG /= {2}defNXs.

® Ks)) G| <= nTG

K Pmaxt hallX /=; sec Ks _\sigma) (K); set Z i= K <

+1 (1tnsa #\c]a:s_:uppozr, (2 :\: (K :1: Ks)) GI) => nTG

> // TG THn in M X PmaxM hallk Ks Z *;

ave [maxM notFmaxM]: M \in 'M /\ M \notin 'M_'F

e{notFmaxif} ntk: K :!=: 1 by rewrite (crivg_kappa maxl).

_ [defNK defNX] [ntKs uniqCKs] _ _]
S -/Xs in defN:

{gzoup oT},
P /\ Mstar \notin ¥ G
ENL(R), X, "M('C(X)) = [set Mstax]},

ture Pmaxd hallX. (\kappa (Motaz)) -Hal1 (Merar) Ks /\ \aigma (6 ~Hell (Mscar) Ks,

dprodP defNX.| 'C_(Mstar'_\sigma) (Ks) = X /\ \kappa(M) =i \taul(¥),

2 [/\ cyclic z, M :i&: Mstar = 2, {in K*, forall x, 'C_M[x] = Z
{in Ks™#, v, 'C Mstarly] = 2}

Clx * y] = 23]

= 2 by rewrite =
'EPL(K)) TMON(X)) 2 MX i M |: MNX.
Mi, gval Mi \notin M :%:

PR A Ks",

Sus /blgcupP[X E1X /(Pmax_sym M ) [1]. & [\ [/\ normedTI (z ) Gz,
MXO: M \in MX := secUll M MNK {in ~: M, forall g
mesimo: 3 \notin MNX b orbit_rerl. {asssoine 2 i3 Ks) & M :° gl}
pose E_ i := oafic K (pick & ($#1GI%:R / 28:R < #|class_support (Z :\: (K :|: Ks)) GI:R)R],
(M1°_\sigma) (X_ Mi). M \in 'M_'B2 /\ prine #1X] \/ Mstar \in 'M_'P2 /\ prime #|Xs|,
n oMU t1: Mstar =3
_ /and3P[_ kK1 _] sKsK1l. €M) <] K = m]
--group Ks := pgroup’ (subsecIl _ ) (pcore pgzoup _ ).
coprime_TIg 2eqxx ?(pnat_coprime ntks.” 1
Csun pozour (Bkappa_sigma' M) (pgroupS SKsKl KkK1). ~ -
14.v  51% L1387 SVN-4643 (coq Scripting *1 SUBGOAL* Holes)--i-1\-- *goals* A1 153 CogGoal

Switch to buffer in other window (default *scratcht):
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Interactive Math

tr AB =3, (AB)ii
=% 2AijBji

24

=3, 2iAij Bji
24

=3 2iBiiAij
=2 (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

expand trace

expand multiply

exchange sums

commute scalars
unexpand multiply

O

v d
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Interactive Math

tr AB = k)i

> YAij Bii

24

> YiAijBii
24

=3,.2iBiiAij

=5, (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :
\tr (A *m B) = \tr (B *m A).

Proof.

gen have trE m n A B / \tr (A *m B) = \sum i \sum j A i j *B ji.
by apply: eq bigr => i _; rewrite mxE.

rewrite {}!trE exchange big.

by 2'apply: eq bigr => ? _; apply: mulrC.

Qed.

trE : forall (mn : nat) (A: ‘M _(m, n)) (B : 'M (n, m)),
\tr (A *m B) = \sum i \sum jA i j *B ji

\tr (A *m B) = \tr (B *m A)

\tr (A *m B) = \tr (B *m A)

lrreia—
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tr AB =5, (AB)ii
=% 2AijBji

24

=3 YiAijBii
24

=3 2iBiiAij
=2 (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

Interactive Math

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :

\tr (A *m B) = \tr (B *m A).
Proof.

gen have trEmn A B / \tr (A *m B) = \sum i \sum jA i j *B j i.

by apply: eq bigr => i _; rewrite mxE.
rewrite {}!trE exchange big.

by 2'apply: eq bigr => ? _; apply: mulrC.

Qed.

: comRingType
: nat

: nat

: 'M (m, n)

: 'M (n, m)

\tr (A *m B) = \tr (B *m A)

lrreia—
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tr AB =5, (AB)ii
=% 2AijBji

24

=3 YiAijBii
24

=3 2iBiiAij
=2 (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

Interactive Math

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :

\tr (A *m B) = \tr (B *m A).
Proof.

gen have trEmn A B / \tr (A *m B) = \sum i \sum jA i j *B j i.

by apply: eq bigr => i _; rewrite mxE.
rewrite {}!trE exchange big.
by 2'apply: eq bigr => ? _; apply: mulrC.
Qed.

2 subgoals

\tr (A *m B) = \sum i \sum jA i j *B ji

subgoal 2 is:
\tr (A *m B) = \tr (B *m A)

lrreia—
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tr AB =5, (AB)ii
=i YjAijBii

24

=3 YiAijBii

24

=3 2iBiiAij
=2 (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

Interactive Math

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :
\tr (A *m B) = \tr (B *m A).

Proof.

gen have trEmn A B / \tr (A *m B) = \sum i \sum jA i j *B j i.
by apply: eq bigr => i _; rewrite mxE.

rewrite {}!trE exchange big.

by 2'apply: eq bigr => ? _; apply: mulrC.

Qed.

trE : forall (mn : nat) (A: ‘M _(m, n)) (B : 'M (n, m)),
\tr (A *m B) = \sum i \sum jA i j *B ji

\tr (A *m B) = \tr (B *m A)

lrreia—
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Interactive Math

tr AB =}, (AB)ii

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :
— R \tr (A *m B) = \tr (B *m A).
- ZI Z/A"/ Bj" Proof.
gen have trEmn A B / \tr (A *m B) = \sum i \sum jA i j *B j i.
x by apply: eq bigr => i _; rewrite mxE.

_ P rewrite {}!trE exchange big.
- Z/ ZIALJ BJJ by 2lapply: eq bigr => ? _; apply: mulrC.

x Qed.
=3;2iBiiAij
: comRingType

=5, (ABY: o

: 'M (m, n)
: 'M (n, m)

=tr BA

\sum j \sum i A i j *B ji=\sumi\sum jBij *Aji

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

lrreia—
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tr AB =5, (AB)ii
=i YjAijBii

24

=3 YiAijBii

24

=3 2iBiiAij
=2 (AB)ii

=tr BA

trA= z,' Ai,i
(AB)ij= > 1 Aik Bk

Interactive Math

Lemma mxtrace mulC mn (A : 'M[R]_(m, n)) B :
\tr (A *m B) = \tr (B *m A).
Proof.
gen have trEmn A B / \tr (A *m B) = \sum i \sum jA i j *B j i.
by apply: eq bigr => i _; rewrite mxE.
rewrite {}!trE exchange big.
by 2'apply: eq bigr => ? _; apply: mulrC.
Qed.

Proof completed.
mxtrace mulC is defined

lrreia—

inventors for the digital world



Algebraic Notation

| Y d(n/d) md n
Yaix! dln {\1600 Qi(X)
;ﬂ (-1 )0 I_l,' Ai,io HOGH @ \/I
H maximal Vi= W

\bigcap {H < G \atop H {\rm\ maximal}} H

Definition determinant n (A : 'M n) : R :=

\sum (s : 'S n) (-1) “+ s * \prod i A i (s i).

inventors for the digital world



Implementing notation

Definition mxtrace (R : ringType) n (A : ‘M[R] n) :=
@bigop R ‘I n 0 +3%R (index enum )
(fun 1 : ‘I n => fun of matrix A i i)

V4
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Algebra interfaces




Inferring notation

Definition mxtrace (R : ringType) n (A : ‘M[R] n)

@bigop R ‘I _n 0 (QGring.add (Ring.ZmodType R))

(index_enum )
(fun 1i ‘I n => fun of matrix A i i)

v d
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Basic interfaces and objects

ordinal n
‘I'n, 0, ord_max

lrezia—
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Ad hoc inference

Definition mxtrace (R : ringType) n (A : ‘M[R] n)
@bigop R ‘I _n 0 (@Gring.add (Ring.ZmodType R))
(index_enum (ordinal finType n))
(fun 1 : ‘I _n => fun of matrix A i i)

v d
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Interfacing big operators
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Little math

The maths of pencil and paper
Combinatorics, linguistics, arithmetic, ...
Instrumental to taming formalization size

... and making sense of informal statements

Makes for better math, better notation

inven

tors for igital world



Some group theory notions

subgroup H< G {1YUH2=Hc G

normaliser Ng(H) {xeG | Hx = xH (or H* = H)}
normal subgroup H< G H < G < Ng(H)

factor group G/ H {Hx | x € Ng(H)}
morphism@ : G » H @(xy) = (px)(@y) if X,y € G
actiona:S-G->S a(Xy)q = axqYqifX,ye G

+ group set A AB,1, A1 pointwise
+ group type xy,1, x*



Groups are sets

Need xeG & xeH - groups are not types
Group theory is really subgroup theory.
In Coq:

Variable gT : finGroupType.
Definition group set (G : {set gT}) :=
(1 € G) && (G*G < G).

Need G : {set gT} and gG : group_set G

but gG can be inferred from G.

lreeia—
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Subgroup theory

group H
normaliser N (H)
normal subgroup H 4G
factor group G/ H
morphism® : G- H
actiona:S-G->S

{1}uH2=H

{xeG | Hx = xH (or H* = H)}
H<G=<N-(H)

{Hx | x € Ng(H)}

P(xy) = (x)(@y) if X, y € G
a(xy)y = axq,Yqif X,y e G

+ group set A AB,1, A-1pointwise
+ group type xy,1, x*
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Cosets and quotients

Notation H := <<A>>.

Definition coset range

Record coset of :=

co

Definition coset x
coset of) (H :* x).

Lemma coset morphM
'N(A) &,

{in

coset of :=

{morph coset

:= [pred B in rcosets H 'N(4)].
Coset {
set of coset :> Gset gT;

insubd (1

xy/ x * y}}.

Canonical coset morphism := Morphism coset morphM.

Definition quotient Q

{set coset of} := coset @* Q.

v d
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Formalizing characters

Soft typing?

Variable gT : finGroupType.

Definition Cfun := {ffun gT -> algC}.

Definition class fun (G : {set gT}) (phi : Cfun) :=
{in G &, forall x y, phi (x * y) = phi x}.

Definition character G phi :=

class_fun G phi /\ (forall i, coord (irr G) phi \in
Cnat) .

Definition cfdot (G : {set gT}) (phi psi : Cfun) :=
#|G|%:R*-1 * \sum (x in G) phi x * (psi x)**.
Notation “' [ phi , psi ] _ G” := (cfdot G phi psi).

v d
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A better interface

Problem: typing assumptions are ubiquitous.
Non/mixed-class-functions never occur.

Make class fun G into a type ‘CF(G), also
encapsulating support restriction.

Definition is class fun (B : {set gT}) (£ : {ffun gT ->
algC}) := [forall x, forall y in B, £ (x * y) == £ x]

&& (support £ \subset B).
Record classfun :=
Classfun {cfun val; _ : is_class fun G cfun val}.

Dot product, orthogonal predicates don’t use G.

Interface encapsulates “character are a semiring”.

v d
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Proof Algorithms

Reducibility -> Model checking

decision diagrams
circuit design
Unavoidability -> Combinatorial search

Davies-Putnam, a3 pruning

Device drivers
Link -> Abstract interpretation

Flight software

nnnnnn



eflecting reducibility

Setup

Variable cf : config.
Definition cfreducible : Prop := ...
Definition check _reducible : bool :=....

Lemma check reducible valid : check_reducible -> cfreducible.

Usage

Lemma cfred232 : cfreducuble (C ngaﬁ&H 13Y5H10H1H1Y3H
11Y4H9H1Y3H9Y6Y1

Proof. apply che r@@ ‘)valld by compute. Qed.

V4
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Building a square

HR3YY

)\_<

start ~

4
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Building configurations

rimg ~  rving  rnng  ring

UHTY §

start R/ step Y step H step

ring ring

U step K step A step

nnnnnn



Colouring interpretation

g

H step (b#c) H step

nnnnnn



Model checking colourings

& O
T 0]
A \4

A
II pup! I
kempe
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Reflection: DIY logic

Pcase L2 1: s[3] <= 6.
Pcase: s[3] <= 5.
Reducible.
Pcase: s[4] <= 5.
Reducible.
Pcase: s[5] > 6.
Hubcap $[1,2]<=0 $[3,4]1<=(-6) $[5]<=(-4) $.
Pcase: s[5] > 5.
Hubcap $[1,2]<=0 $[3,4]1<=(-7) $[5]1<=(-3) $.
Reducible.
Pcase: s[5] <= 6.
Similar to *L2 1[3].
Pcase: s[4] > 5.
Hubcap $[1,2]<=0 $[3,4]1<=(-6) $[5]<=(-4) $.
Hubcap $[1,2]<=0 $[3,4]1<=(-5) $[5]<=(-5) $.
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Coprime cycle coherence

In the Feit-Thompson proof of the Odd Order theorem,
one need to extend an isometry o from a submodule of
the virtual characters of W c G to those of G, to all
characters of V.

Characters are traces of C matrix representations. Here
W ~ Z,, so characters in W are pg-roots of unity.

invent

ors for igital world



A dot product matrix puzzle

The submodule is generated by 1 and the a;; = w;j — wjp — Wo;;

set B;; = aj}. 1
P11 > B
4 1 e I-]I* =3
v =0T
,811 ﬂij

Is the obvious solution
Bij = Xij + Xio + Xoj
unique?

invent
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An integer norm problem

Infer integral vectors from dot product

Naive SMT fails
Naive SAT bit-blast fails

Tailored SAT encoding longish

X1 X1
Y1211 Y2 21
X2 X2
Y1211 Y22
X3 X3
Y1231 Y2 233
X4 Xa
Y1 Z11 Y2 242

nnnnnn



16 Character Theory for the Odd Order Theorem

Assume that (3.5) has been shown. Set wf; = x;; and extend o to CF(W)
by lincarity. Then (&) and (b) of Theorem (3.2) are established, and assertions
(c) and {d) of Theorem (3.2) follow from (1.3)

Proof of (3.5).

(3.5.1) Let fi; = Ind 0, —1g (1 S i <wy, 1 £ j < wy). Then (B, 16) =0

and ||B,|I* = 3 for all i, j while (B, Biy) = (B, Buj) = 1 and (Biy, Buy) = 0

forigd, 3£

Proof. That (Indfy aiy,1c) = (ay,lw) = 1 follows from Frobenius reci-

procity, and so [ﬂ.,,lgf: 0. The other relations follow from the fact that

Indfy is an isometry oni(YF(W,V). by(2.¢) a]
+

Let 1 S i <wy, 1 < j < wy By (3.5.1) and the fact that B € Zfre(G)|
we see that f,, = ©,c 4, X, where A,; is a set of three pairwise orthogonal
elements of £(Ire(G) - {15}).

(3.5.2) We have |A;3 N Agg| = | and A;3 N (—Ayp) = 9.

Proof. Let Ay = {x1,x2,xs} and a; = (B2, xi) for i = 1,2,3. Then
(Br2,811) = a1 +a,+0e3 = 1 and a; € {0,1,—1}. The numbers a; are thus either
1,0,0, or 1,1, ~1. In the second case, we may assume that 82 = x1 + X2 — X3
whence 2xs = By; — iz = Ind§y(ay; — @12) vanishes on | € G, which is a
contradiction. o

Lemma (3.5.2) clearly holds with A;; and A;; in place of A;; and A, if
i=i"and j # j or if i # 1" and j = j’. We refer to this lemma for A,; and
Ay as L(i7,1')"). We also refer to the statement (8,;, Bi;r) = 0 for i # ' and
7 # 1" as O(ij, ")

By Hypothesis (3.1), sup(w,,ws) > 5. By the symmetry between w, and
w3, we will assume

(3.5.3) w; 2 5.

In the proof which follows, the functions y, and y, are pairwise orthogonal
elements of £(Irr(G) - {15}).

(3.5.4) |Mcicw, An| = 1.

Proof. Suppose that (3.5.4) is false. By (3.5.2), we can then write, for some
choice of indices 1 = 1,2,3, z

Bn = xatxa+xs

Bn = xa+xatXxs

B = X2+ XatXe

|
|

Sorting a combinatorial mess

TI-Subsets with Cyclic Normalizers 17

We consider two cases:
Case I. There are indices i and i’ such that 1 < < <3 and
AnNAn DAy #0.
Casell. For 1 €i<# <i" <4, AuNAn N A = 0.
Suppose that Case I holds. Up to choice of notation, we have, by (3.5.2),

Bu = X1+ Xe + Xr-

(3.5.4.1)

If x1 € Az, then Pz = X1 ~ Xs = Xr-

If 7 € Az, then By = Y1 — X3 = X7+

If X1 € Aqz, then a2 = X1 — X3 = Xs-
Proof. Suppose that x; € A;2. By 0(12, 21), = x4 0r —=xs € A1z. Suppose that
4 € Ayz. Then it follows from O(12, 31) and L(12, 111 that xs € As, which
contradicts O(12, 41). Thus —xs € Ajz. Similarly, we see that —xz € Ay by
interchanging the roles of Bz and Ba.
The other two assertions follow from the symmetry between i1, B and

o

rall‘
(3.5.4.2) We may assume that By = X2 — X3+ X8
Proof. By the symmetry between the functions By, fn and By, we may
assume that Agp N Ay = {x32}. By O(32, 11), —xs or —xs € An. Suppose
that —y; € Asy. Then, by O(32, 21) and O(32, 41), the third element of As; is
in Az N Ay, which is a contradiction. Thus —xs € Ax and the third element
of Az cannot be one of the functions £y, i < 7. a

(3.5.4.8) We may assume that fra = x2 — X4 + Xs-

Proof. By (3.5.4.1), (3.5.4.2) and L(12, 32), x does not belong to Auz. By
1{12, 11), x3 or xa € Ajz. But, by L(12, 32) and (3.5.4.2), xs ¢ Ay Thus
X2 € Ana. By 0(12, 31), —xq 0r —xs € Ajya. By the symmetry between the
functions fn and g, we may assume that —x4 € Ajz. Then xs € Az by
0(12, 21) o
(3.5.4.4) Bz = xs + X8 + X9

Proof. By (3.5.4.1), (3.5.4.3) and L(22, 12), xy does not belong to Az. By
122, 21), x4 Or X5 € Az. Then L(22, 12) shows that xs € An. By L(22, 12),
xa & Az and so L(22, 32) implies that —xs or xs € Az. But, by 0(22, 11),
—x3 ¢ Az and 50 xs € Az Thus the third element of Ap cannot be ouc:f
the functions +x;, 1 <8.

(3.5.4.5) Case [ is impossible.

Proof. By (3.5.4.1) and (42, 12), x; does not belong to Ag. S.nppu-c that
X2 or —X3 € Ag. By O(42, 11), x2 and —xa € A, which, with (3.54.2)

V4
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16 Character Theory for the Odd Order Theorem

Assume that (3.5) has been shown. Set wf; = x d extend o to CF(W)
by lincarity. Then (a) and (b) of Theorem (3.2) are established, and assertions

(c) and {d) of Theorem (3.2) follow from (1.3)
Proof of (3.5).

(3.5.1) Let B, = Ind§, 0, —1g (1 Si < wy, 1 £ j < wy). Then (B,,16) =0
and ||8,,|* = 3 for all i, j while (B,;, Biy') = (Bis, Burj) = 1 and (B,;,Buy) = 0
forigd, 3£

Proof. That (Indff ais,1c) = (ayj,1w) = 1 follows from Frobenius reci-
procity, and so (f,; 0. The other relations follow from the fact that

Indjy is an isometry nn/(?F(W, V). b(2.6) u]
+

Let 1 S i <wy, 1 < j < wy By (3.5.1) and the fact that B € Zfre(G)|
we see that f,, = ©,c 4, X, where A,; is a set of three pairwise orthogonal
elements of £(Irr(G) - {1g}).

(3.5.2) We have |Aj; N Agg] =1 and A3 N (—Ay) =

Proof. Let Ay = {x1,x3,x3} and a; = (Bua,xi) for i = 1,2,3. Then
(B12,811) = a1 +as+03 = 1 and a; € {0,1,—-1}. The numbers a; arc thus either
1,0,0, or 1,1, ~1. In the second case, we may assume that 82 = x1 + x2 = X3
whence 2xs = By; — fiz = Ind§y(an — a;3) vanishes on | € G, which is a
contradiction. o

Lemma (3.5.2) clearly holds with A;; and Ay in place of A;; and A,; if
=1"and j # j' or if i # ' and j = j'. We refer to this lemma for A,; and
i as L(1,1)"). We also refer to the statement (8, Bi;r) = 0 for i # i’ and
377w 0.7

By Hypothesis (3.1), sup(wy,w;) > 5. By the symmetry between w, and
13, we will assume

(3.5.3) wy 25

In the proof which follows, the functions y, and ,; are pairwise orthogonal
elements of +(Irr(G) - {16})

(8.5.4) | Migice, Aul = 1

Proof. Suppose that (3.5.4) is false. By (3.5.2), we can then write, for some
choice of indices 1 = 1,2,3,

Bn = xatxatxs
Bn = xi+x4tXs
Bu = X2+ XatXs

Sorting a combinatorial mess

TI-Subsets with Cyclic Noi

We consider two cases:

Case 1. There are indic

Case Il. For 1 €i < 4

Suppose that Case I hol

(3.5.4.1)
If x1 € Agg, then Bra=
If x2 € Az, then By =
If X1 € Aqa, then ia =

Proof. Suppose that y; €

~X4 € Ara. Then it follows

contradicts O(12, 41). Thy|
interchanging the roles of
The other two assertion|

Ba

(3.5.4.2) We may assumd

Proof. By the symmetry

assume that Ay, N Ay =

that —x; € Asz. Then, by
in Az N Ay, which is a cos
of Ay cannot be one of th)

(3.5.4.3) We may assumd

Proof. By (3.5.4.1), (3.5.

L{12, 11), Xz or X3

X2 € Az By 01

et unsat Ii : unsat |= & x1 in bll & x1 in b21 & ~x1 in b31.
roof.
wlog Dbll: (& bll = x1 + x2 + x3) by
wlog Db21l: (& b21 = x1 + x4 + x5).
by uhave ~x2, ~x3 in b21 as L(21, 11);
wlog Db31l: (& b31 = x2 + x4 + x6).
uwlog b31x2: x2 | ~x2 in b31 as L(31, 11).
by uhave x3 in b31 as 0(31, 11); symmetric to b31x2.
uwlog b31x4: x4 | ~x4 in b31 as L(31, 21).
by uhave x5 in b3l as 0(31, 21); symmetric to b31x4.
uvhave ~x3 in b3l as 0(31, 11); uhave ~x5 in b3l as L(31, 21).
by fill b31; uexact Db31.
onsider b4l; uwlog b4lxl: x1 | ~x1 in b4l as L(41, 11).
uwlog Db4l: (& b4l = x3 + x5 + x6) => [|{b41x1l}].
uhave ~x2 | x2 in b4l as L(41, 11); last symmetric to b41lxl.[]
uhave ~x4 | x4 in b4l as L (41, 21); ¢ symmetric to b4lxl.
uhave x3 in b4l as 0(41, 11); uhave x5 in b4l as 0(41, 21).
by uhave x6 in b4l as 0(41, 31); uexact Db4l.
consider bl2; uwlog bl2xl: x1 | ~x1 in bl2 as L(12, 11).
uhave ~x2 | x2 in bl2 as L(12, 11); symmetric to bl2xl.
by uhave x3 in bl2 as 0(12, 11); symmetric to bl2xl.
uwlog bl2x4: -x4 | ~x4 in bl2 as 0(12, 21).
by uhave -x5 in bl2 as 0(12, 21); symmetric to bl2x4.
uhave ~x2, ~x3 in bl2 as L(12, 11); uhave ~x5 in bl2 as 0(12, 21).
by uhave x6 in bl2 as 0(12, 31); counter to 0(12, 41).
wlog Db4l: (& b4l = x1 + x6 + x7).
uhave ~x2, ~x3 in b4l as L(41, 11); uhave ~x4, ~x5 in b4l as L(41, 21).
by uhave x6 in b4l as 0(41, 31); fill b41l; uexact Db4l.
onsider b32; uwlog Db32: (& b32 = x6 - x7 + x8).
uwlog b32x6: x6 | ~x6 in b32 as L(32, 31).
uhave ~x2 | x2 in b32 as L(32, 31): symmetric to b32x6.
by uhave x4 in b32 as 0(32, 31); symmetric to b32x6.
uhave ~x2, ~x4 in b32 as L(32, 31).
uhave -x7 | ~x7 in b32 as 0(32, 41).
uhave ~x1 in b32 as 0(32, 41); uhave ~x3 in b32 as 0(32, 11).
by uhave ~x5 in b32 as 0(32, 21); fill b32; uexact Db32.
uhave -x1 in b32 as 0(32, 41).
by uhave x3 in b32 as 0(32, 11); counter to 0(32, 21).
onsider b42; uwlog Db42: (& b42 = x6 - x4 + x5).
uhave ~x6 | x6 in b42 as L(42, 41).
uhave ~x7 | x7 in b42 as L(42, 41); counter to 0(42, 32).
uhave x1 in b42 as 0(42, 41); uhave x8 in b42 as 0(42, 32).
uhave ~x2 | -x2 in b42 as 0(42, 11); counter to 0(42, 21).
- (Unix) -- PFsection3.v 59% L1115 SVN-4447 (cog Scripting *3 SUBGOALS*

2!1fill bill.

21fill b21; uexact Db21l.

H

functions By and By, we

0(12, 21)
(3.5.4.4) Bz = xs + X8 H
Proof. By (3.5.4.1), (3.5.

b41ixl : unsat
|= & bll = x1 + x2 + x3
& b21 x1 + x4 + x5
& b31 x2 + x4 + x6
& x1 in b4l

Db4l : unsat

L(22, 21), x4 or X5 € Az
x2 € Az and so L(22, 32
~x3¢ Anandso xys € A
the functions *x;, 1 <8.
(3.5.4.5) Case [ is impo:

Proof. By (3.5.4.1) and |
X2 or —x3 € Ag. By O(

|= & bll = x1 + x2 + x3
& b21 x1 + x4 + x5
& b31 X2 + x4 + x6
& b4l x3 + x5 + x6

unsat

I= & bll = x1 + x2 + x3
& b21 = x1 + x4 + x5
& b3l = x2 + x4 + x6
& ~x1, ~x2 in b4l




Sorting a combinatorial mess

Definition ref := (nat * nat)%type.

Definition Ref b ij : ref
Notation "''b' ij" := (Ref

:= edivn (b_ij - 11) 10. (* Ref 21 = (1, 0). ¥)

ij)..

Definition lit := (nat * int)%type. (* +x1 = (0,1) ~x2 = (1,0) -x3 = (2, -

1)%*)

Definition Lit k1l v : 1lit := if (0 + k1)3%N is k.+1 then (k, v) else (kl, v).
Notation "+x k" := (Lit k 1).

Notation "-x k" := (Lit k (-1))..

Notation "~x k" := (Lit k 0)

Definition clause := (ref * seq lit)&%type.

Proof. Let A, {x). x2. xa} I\_.'\d a. = (B xi f(-)rl' =

- interchanging the roles of fz; and fa
1.2.3. Then Femoriis e =Sy e

Definition Otest cll cl2
let: (ij1, kvsl) := cli
let fix loop sl s2 kvs2

if kvs2 is (k, v2)

loop sl s2.+1 kvs2

else (sl, if norm cl kvsl == 3 then 0 else s2)%N in

let: (sl, s2) := 103p 0
(norm cl kvs2 == 3) =>

:: kvs2 then
if get_lit k kvsl is Some vl then loop (vl * v2 + sl) s2 kvs2 else

in let: (ij2, kvs2) := cl2 in

O%N kvs2 in
("Isl - dot_ref ijl ij2| <= s2)3N.

= X1+ X4t Xs

Ty
the functions xx;, 1 <8

(3.5.4.5) Case [ is impossible.

Proof. By (3.5.4.1) and [(42, 12), X does not belong to Asz. Suppose that

¥2 o —x3 € Ag. By O(42, 11), x2 and —xa € Au, which, with (3.54.2)
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Conclusions

 Computers systems can be taught maths in practice

* Doing computer proofs can teach us new
mathematical ideas

e ... and new presentations of mathematical concepts

e Questions ?
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