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Categorical Probabilities (1960s+ : Lawvere, Huber, Giry, Doberkat, …) 

Kleisli Category of  



Many results of the flavor: “ * can be expressed as…”

[C., Sturtz, Bayesian Machine Learning via Category Theory, arXiv, 2013]

[C., Sturtz, A Categorical Foundation for 
Bayesian Probability, ACS, 2014]

(with K. Sturtz)



Unsatisfying conclusions, but recently…

Original work

● Extremely useful for me in translating to a language I understood
● Not particularly immediately impactful on algorithmic development



Data Clustering

Kleinberg (2002): There are no consistent methods of clustering with partitions
● Rich (all partitions realizable)
● Scale-invariant
● Intra/inter-cluster distance transformation invariant



Hierarchical Clustering 

Carlsson–Memoli (2008): There is a unique 
functorial method (single-linkage clustering) for 
assigning a hierarchical clustering to a metric space.

Q: Are there other useful categories of metric spaces 
with meaningful projections?

Category 
of Metric 
Spaces

Category of 
Ultrametric 

Spaces

Morphisms: non-expansive maps



Corollary: There is no functorial clustering projection to cut metrics

[C., Guralnik, Hansen, Stiller, Consistency Constraints for Overlapping Data Clustering, arXiv, 2016]
[C., Guralnik, Stiller, Functorial Hierarchical Clustering with Overlaps, DAM, 2018]

Fibers are directed 
complete posets under 
ordering induced from 
identity maps

Composition with functor 
to Weight satisfies an 
idempotency condition

(with D. Guralnik, J. Hansen, P. Stiller)



Reality: almost no one uses this theory in practice

Did not address:

● Cluster uncertainties
● Outlier detection/removal
● Algorithm efficiency 
● Choice of underlying metrics
● Software implementations
● Convincing examples of value
● Characterizations of useful 

clustering domains

Mismatch with practitioners’ needs

● Opaque categorical language with 
no clear interface for users

● Consistency in this sense is 
rarely considered in applications

● Existing tools are often sufficient for 
exploratory analysis

● Simplifications were guided by 
mathematical considerations

Lesson: “Nice theory ⟶ Applications” rarely brings near-term value



Compositional 
problems in 

robotics

[R. Burridge, et al, “Sequential Composition of Dynamically Dexterous Robot Behaviors,” IJRR 1999.] 
[A. De, et al, “Parallel Composition of Templates for Tail-Energized Hopping” ICRA 2015.] 
[A. De, et al, “A Universal Template for Pitch Steady Behaviors in Planar Floating-Torso Locomotion Models,” In Prep, 2020.] 
[V. Vasilopoulos, et al, “Sensor-Based Reactive Execution of Symbolic Rearrangement Plans by a Legged Mobile Manipulator” 
IROS 2018.] 
[T. Topping, et al, “Quasi-Static and Dynamic Mismatch for Door Opening and Stair Climbing” ICRA 2017.]

Dan Koditschek



Floating Torso Fore-Aft Slot Hopper Pinned Hip Pre-Grasp Cage

Mount
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Jump

[Topping et al., ISRR 2019]

Emerging Calculus of Behaviors



Primary Constructions for Hybrid Systems

[Burridge, Rizzi, Koditschek, 1999]

Sequential Composition

Directed systems

[Koditschek, Full, 1999]

Hybrid subdivisions 

Templates & AnchorsTransformations

Hybrid semiconjugacies
[C., Gustafson, Koditschek, Stiller, Formal Composition of Hybrid Systems, TAC, 2020]

(with P. Gustafson, D. Koditschek, P. Stiller)



[Image: Lygeros et al., ”Dynamical properties of hybrid automata.,” 2003].

*

* We work here in (a cat. equiv. to) the category of directed reflexive graphs. 



Reset Compatibility ConditionFlow Compatibility Condition

Notes:
• Conjugacy, submersions, embeddings 

straightforward
• Technical tools necessary to allow for 

practically-relevant subsets of manifolds 
(smooth sets)



Hybrid executions as semiconjugacies

Hybrid Time Trajectory

[De, Koditschek, 2015]

Theorem (Pappas, Lerman, CGSK)
Semiconjugacies from hybrid time trajectories encode all 
executions of the codomain system.



[De, Koditschek, 2015]

Slicing a Continuous Systems

Ex 1

Ex 2



[De, Koditschek, 2015]
Example: hybrid limit cycle in grounded vertical hopper

subdivision attracting 
subsystem

Template-anchor relationship as a span 

[Koditschek, Full, 1999]



Conley’s “Fundamental Theorem”
Theorem (Norton): Every flow on a compact metric space 
decomposes into a chain-recurrent part and a gradient-like 
part. 

[Baladi, Bonatti, Bernard, 1999]

Classical (ɛ, T)-chains

Theorem (Gustafson, Kvalheim, Koditschek, 2019)
Every hybrid system with compact state space satisfying a guard-set 
contraction property decomposes into a chain-recurrent part and a 
gradient-like part. 

A hybrid  (ɛ, T)-chain is roughly an 
execution with allowable ɛ-jumps
• after each reset
• after flowing for > T time



A directed system                                            consists of  

Key observations
1. State spaces not sufficient interfaces 

� Initial and final systems include dynamics
2. Standard executions do not compose well

� (ɛ, T)-chains do compose!
� Generalizes topological or measure theoretic 

approaches
3. “Same” system could have many applications

� Different initial or final subsystems
� Specifying new interface into system

Initial subsystem Final subsystem

  where           is an (ɛ, T)-sink in



Structural Results     Double Category of Hybrid Systems

Theorem (CGKS)
Hybrid systems, directed systems 
and hybrid semiconjugacies form 
a cartesian and cocartesian 
double category .

[Example: Topping, Vasilopoulos, De, Koditschek, 2019]



Implementation: https://github.com/PaulGustafson/HybSys

[Image:Vasilopoulos, 2021]

Simple Type Theory for Mobile Manipulation

[Gustafson, C., Koditschek, Hybrid dynamical type theories for navigation, 2021]



Choosing the right abstractions and simplifications

Examples: 

1. More abstract and elegant formulations meet grounded approaches
○ Diffeological spaces, Frölicher spaces (exponential objects)
○ Manifolds with (generalized) corners (flows on products and subsets of smooth manifolds)

2. Simplifications
○ Not useful for us: gradient systems on surfaces, Morse systems, cobordisms, directed spaces
○ Still useful for us: only trivially coupled systems, no zeno behavior, no differential inclusions, 

restricting to nonblocking, deterministic systems

[De, Koditschek, 2018]

[Guralnik, 2020]



Concluding thoughts
1. Theorems of the form “* can be expressed as…” are not worth much in 

applications unless accompanied by meaningful machinery

2. Not every problem requires formalization/axiomatization

3. Working with practitioners continually is critical to making useful simplifying 
assumptions, abstractions, and interfaces


